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^ ■ Abstract 
Q . 

. We find a new representation of the simple Lie algebra of type Eq on the poly- 

nomial algebra in 16 variables, which gives a fractional representation of the corre- 
sponding Lie group on 16-dimensional space. Using this representation and Shen's 
^ idea of mixed product, we construct a functor from Ds-Mod to Eg-Mod. A condi- 

I tion for the functor to map a finite-dimensional irreducible -Ds-module to an infinite- 

dimensional irreducible ^^e-module is obtained. Our general frame also gives a direct 
polynomial extension from irreducible Ds-modules to irreducible E'g-modules. The 
obtained infinite-dimensional irreducible -Eg-modules are {Q, i(')-modules in terms 
of Lie group representations. The results could be used in studying the quantum 
field theory with Eq symmetry and symmetry of partial differential equations. 



> 

a^ : 1 Introduction 
cn 

^ ■ A quantum field is an operator-valued function on a certain Hilbert space, which 

is often a direct sum of infinite-dimensional irreducible modules of a certain Lie algebra 
(group). The Lie algebra of two-dimensional conformal group is exactly the Virasoro al- 
gebra. The minimal models of two-dimensional conformal field theory were constructed 
from direct sums of certain infinite-dimensional irreducible modules of the Virasoro al- 
gebra, where a distinguished module called, the vacuum module, gives rise to a vertex 
operator algebra. 

It is well known that n-dimensional projective group gives rise to a non-homogenous 
representation of the Lie algebra sl{n -|- 1, C) on the polynomial functions of the projective 
space. Using Shen's mixed product for Witt algebras, Zhao and the author [ZX] gener- 
alized the above representation of sl{n -|- 1,C) to a non-homogenous representation on 
the tensor space of any finite-dimensional irreducible gl{n, C)-modu\e with the polyno- 
mial space. Moreover, the structure of such a representation was completely determined 
by employing projection operator techniques (cf. [Cm]) and the well-known Kostant's 
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characteristic identities (cf. [K]). The result can be used to study the quantum field the- 
ory with sl{n + 1, C) as the symmetry. Furthermore, we [XZ] generalize the conformal 
representation of of o{n + 2, C) to a non-homogenous representation of o(n + 2, C) on the 
tensor space of any finite-dimensional irreducible o{n, C)-module with a polynomial space 
by Shen's idea of mixed product for Witt algebras. It turns out that a hidden central 
transformation is involved. More importantly, we find a condition on the constant value 
taken by the central transformation such that the generalized conformal representation is 
irreducible. The result would be useful in higher-dimensional conformal field theory. 

This paper is the third work in the program of studying quantum-field motivated rep- 
resentations of finite-dimensional simple Lie algebras. It is well known that the minimal 
dimension of irreducible modules over the simple Lie algebra of type Eq is 27. Based 
on a grading of the simple Lie algebra of type Eq, we find a first-order difi'crcntial op- 
erator representation of the Lie algebra on the polynomial algebra in 16 independent 
variables. In fact, the corresponding Lie group representation is given by fractional trans- 
formations on 16-dimensional space. Using this representation and Shen's idea of mixed 
product, we construct a new functor from D^-Mod to EQ-M.od, where a hidden central 
transformation is involved. More importantly, a condition for the functor to map a finite- 
dimensional irreducible Ds-module to an infinite-dimensional irreducible £^6-module in 
terms of the constant value taken by the central transformation is obtained. Our general 
frame also gives a direct polynomial extension from irreducible Ds-modules to irreducible 
i^g-modules, which can be applied to obtain explicit bases of irreducible i?g-modules from 
those of irreducible D5-modules. The result could be useful in understanding the quan- 
tum field theory with Eq symmetry. Our fractional representation of the Eq Lie group 
could also be used in symmetry analysis of partial differential equations just as the con- 
formal representation of orthogonal Lie groups do. Our infinite-dimensional irreducible 
E'e-modules are {Q, ir)-modules in terms of the corresponding Lie group representations. 

The Eq Lie algebra and group are popular mathematical objects with broad applica- 
tions. Dickson [D] (1901) first realized that there exists an E'g-invariant trilinear form 
on its 27-dimensional basic irreducible module. The 78-dimensional simple Lie algebra of 
type Eq can be realized by all the derivations and multiplication operators with trace zero 
on the 27-dimensional exceptional simple Jordan algebra (e.g., cf. [T], [Ad]). Aschbacher 
[As] used the Dickson form to study the subgroup structure of the group Eq. Bion-Nadal 
[B-N] proved that the Eq Coxeter graph can be realized as a principal graph of subfactor 
of the hyperfinite IIi factor. Bryhnski and Kostant [BK] obtained a generahzed CapeUi 
identity on the minimal representation of Eq. Binegar and Zierau [BZ] found a singular 
representation of Eq. Ginzburg [G] proved that the twisted partial L- function on the 



27-dimensional representation of GEq{C) is entire except the points and 1. Iltyakov 
[I] showed that the field of invariant rational functions of Eq on the direct sum of finite 
copies of the basic module and its dual is purely transcendental. Suzuki and Wakui [SW] 
studied the Turaev-Viro-Ocneanu invariant of 3-manifilds derived from the -Ee-subfactor. 
Moreover, Cerchiai and Scotti [CS] investigated the mapping geometry of the Eq group. 
Furthermore, the (^42,^2) duahty in Eq was obtained by Rubenthaler [R]. In [X2], the 
author proved that the space of homogeneous polynomial solutions with degree m for the 
dual cubic Dickson invariant differential operator is exactly a direct sum of [[m/2]] + 1 
explicitly determined irreducible E'e-submodules and the whole polynomial algebra is a 
free module over the polynomial algebra in the Dickson invariant generated by these solu- 
tions. Moreover, we found in [X3] that the weight matrices of Eq on its minimal irreducible 
modules and adjoint modules all generate ternary orthogonal codes with large minimal 
distances. 

Okamoto and Marshak [OM] constructed a grand unification preson model with Eq 
metacolor. The Eq Lie algebra was used in [HH] to explain the degeneracies encountered 
in the genetic code as the result of a sequence of symmetry breakings that have occurred 
during its evolution. Wang [W] identified Geoner's model with twisted LG model and 
Eq singlets. Morrison, Pieruschka and Wybourne [MPW] constructed the Eq interacting 
boson model. Berglund, Candelas et al. [BCDH] studied instanton contributions to the 
masses and couplings of Eq singles. Haba and Matsuoka [HM] found large lepton flavor 
mixing in the EQ-tjpc unification models. Ghezelbash, Shafiekhani and Abolbasani [GSA] 
derived explicitly a set of Picard-Fuchs equations of = 2 supersymmetric Eq Yang- 
Mills theory. Anderson and Blaiek [AB1-AB3] found certain Clebsch-Gordan coefficients 
in connection with the Eq unification model building. Fernandez-Nuaez, Garcia-Fuertes 
and Perelomov [FGP] used the quantum Calogero-Sutherland model corresponding to 
the root system of Eq to calculate Clebach-Gordan series for this algebra. Howl and 
King [HK] proposed a minimal Eq supersymmetric standard model which allows Planck 
scale unification, provides a solution to the /i problem and predicts a new Z'. Das and 
Laperashvili [DL] studied Preon model related to family replicated Eq unification. 

This work further reveals new beauties of the simple Lie algebra of type Eq. In Section 
2, we construct the spin representation of o(10, C) in terms of first-order differential oper- 
ators on the polynomial algebra in 16 independent variables from the lattice-construction 
of the simple Lie algebra of type Eq. Wc determine the decomposition of the polynomial 
algebra into irreducible o(10, C)-submodules in Section 3 by means of partial differen- 
tial equations. In Section 4, we realized the simple Lie algebra of type Eq in terms of 
first-order differential operators on the polynomial algebra in 16 independent variables. 



Section 5 is devoted to the explicit presentation of the functor from D5-Mod to E'e-Mod. 
Finally in Section 6, we determine a condition for the functor to map a finite-dimensional 
irreducible Ds-module to an infinite-dimensional irreducible E'e-module. 



2 Polynomial Representation of o(10, C) via Eq 

Wc start with the root lattice construction of the simple Lie algebra of type Eq. As we 
all know, the Dynkin diagram of Eq is as follows: 

? ^ 

^6'- o o o o o 

1 3 4 5 6 



For convenience, we will use the notion i,i + j = {i,i + l,i + 2, + j} for integer i and 

positive integer j throughout this paper. Let {ai | i e 1, 6} be the simple positive roots 

corresponding to the vertices in the diagram, and let be the root system of Eq. Set 

6 

Qs, =^Zq;,, (2.1) 

i=l 

the root lattice of type Eq. Denote by (•, •) the symmetric Z- bilinear form on Qeq such 
that 

^Ee = {a e Qes I (a, a) = 2}. (2.2) 
Define a map F : x — > {1, — 1} by 

6 6 

F{J2 f^i^i^ J2 ^ (^_l)i:t=ikih+k,l3+k^h+k3k+k,U+keh^ ^.^ I, g 2_ (2.3) 

i=l j=l 
Then for a, ^,7 e Qsg, 

F{a + /3, 7) = F{a, ^)F{I3, 7), F{a, /3 + 7) = F{a, /3)F(a, 7), (2.4) 

F{a, (3)F{(3, a)-^ = (-l)^"'^), F(a, a) = (-l)("'")/2. (2.5) 

In particular, 

F(q;,/3) = -F(/3,a) if a, /3, a + /3 G ^Bg. (2.6) 

Denote 

6 

H^^Ca, (2.7) 
1=1 

and C-bihnearly extend (•, •) on H. Then the simple Lie algebra of type Eq is 

gE<^ = H® CE^ (2.8) 



with the Lie bracket [•, •] determined by: 

[H,H]^0, [h,Ea]^-[Ea,h]^{h,a)Ea, [E^,E^a]^-a, (2.9) 

[E^,E,] = ll, 'I"!^^!"^^' (2-10) 

(e.g., cf. [Ka], [XI]). Moreover, we define a bihnear form (-I-) on Q^*^ by 

{h\h2)^ih,h2), (h\E^)^0, (E^\Ef,) ^ -5a+0,o (2.11) 

for /ii,/i2 e -H" and a,P E ^Es- It can be verified that (-j-) is a ^^^-invariant form, that 
is, 

{[u,v]\w) ^ {u\[v,w]) foTU,veg^^. (2.12) 

Let 

5 
i=l 

Then 

5 

i=i i3e^Ds 

forms a Lie subalgebra of Q^'^, which is isomorphic to the orthogonal Lie algebra 

o(10, C) = ^ [C{Ep^n+q - Eq^n+p) + ^{En+p,q - En+q,p)] 

^<p<g<5 

5 

+ J] c(£;,,,- -£;„+,•„+,)■ (2.15) 

Denote by the set of positive roots of Eq and by the set of positive roots of D^. 
We find the elements of ^J^: 

Ur (r e 1, 5), Oil + q;3, q;2 + q;4, as + q;4, q;4 + as, cti + eta + q;4, q;2 + cks + q;4, (2.16) 

4 

q;2 + q;4 + as, as + 0:4 + as, ^ a^, ai + as + a4 + as, (2-17) 

r=l 

5555 5 
^ttj, ^tts, a4 + ^ai, a4 + ^ai, a3 + a4 + ^ai. (2-18) 

i=2 s=l 1=2 i=l 1=1 

Moreover, the elements in \ are: 

6 6 6 6 6 6 6 

ae, as + ae, ^a^, ^a^, a2 + ^ar, ^a^, ai + ^a^, ^a^, a4 + J] a,, (2.19) 

r-=4 j=3 r-=4 j=2 i=3 j=l i=2 

6 6 6 6 

a4 + tti, a4 + as + ^ a^, as + a4 + ^ a^, a4 + as + J] a,, (2.20) 

i=l 1=2 1=1 i=l 



5 



Ctj + Ctr, CK4 + Clj + Qfr, 0:4 + CCj + a^- (2-21) 





1=1 r=3 


j=l r=2 




For convenience, we denote 










= Ea^+ae: 6 = ^EL4"r- 


' '^4 = ^Et3«»' 


(2.22) 




%f=2«i' ^7 = ^ai+EL 




(2.23) 


^9 = ^a4+Et2«. 


, ClO = ^a4+ELi«i' 


~ -^a4+a5+Ei=2 "j' 


(2.24) 



62 - ^„3+a4+ELi«i' '^13 - ^a4+aB+E-=i°i' '^14 - -E^6^^a.+^5^3a,, (2.25) 

= ^a4+Eti".+EL3«-' ^^^^ ^^4+T.ti»^+T.L2 0'r^ (2-26) 

Vl = E-ae, ^2 = ^-aB-a6, ^3 = E_j^6^^^^, V4 = E_j^6^^^., (2.27) 

775=^-a2-EL4".' "^^^^-llU-i^ ^^^^-m-Etaai' ^^^^-Eti".' (^.28) 

^9 = ^-a4-E?=2"«' ''lO = ^-a4-ELi"i' = ^-a4-a5-E?=2"«' ^2.29) 

?7i2 = £^_a3_„,_^6^^„., 7713 = ^_a,_„B-Eti°i' '^i^^^-Eti^i-ELs"'-' (2.30) 

7715 = ^_a4-ELi«i-E?=3«.' ^i6 = ^_«4-Eti"»-E^=2«^- (2.31) 

Set 

16 16 

^?+ = J]ce^, e?_ = ^C77,, e?o = e?''^+Fa6. (2.32) 

i=l i=l 

It is straightforward to verify that Q± are ableian Lie subalgebras of Q^'^, Qq is a reductive 
Lie subalgebra of and 

g^^ ^g_®go®g+. (2.33) 

Moreover, ^± form irreducible ^o-submodules with respect to the adjoint representation 
of g^^ . Furthermore, 



i^i\Vj) = -kj for z,je 1,16 (2.34) 

by (2.11). Expression (2.12) shows that g+ is isomorphic to the dual ^o-module of 
Set 

A = C[xi,X2, ...,xiq\, (2.35) 
the polynomial algebra in xi,X2, ■■■,xie. Write 

16 

[u,r]i] = ^^i,j{u)r]j for i e 1, 16, ue ^o, (2.36) 

i=i 

where fi,j{u) e C. Define an action of on A by 

16 

«(/) = E vM^jdxAf) for uego, feA. (2.37) 



Then A forms a ^o-module and the subspace 

16 



V^J2'^^i (2-38) 



1=1 



forms a ^o-submodule isomorphic to where the isomorphism is determined by Xi rji 



for i G 1, 16. 

Denote by N the set of nonnegative integers. Write 

16 16 

x'^^Ylxf', d" = Y[d^i for a = (ai,a2,...,ai6) e (2.39) 

i=l i=l 

Let 

A = J2 (2.40) 

be the algebra of differential operators on A. Then the linear transformation r determined 
by 

T{x^d"') = x^d^ for /3,7 e (2.41) 

is an involutive anti- automorphism of A. 

According to (2.9) and (2.10), we have the Lie algebra isomorphism u : o(10, C) — >■ 
determined by the generators: 

iy{Ei,2 - Ej,e) ^ u{E2,3 - Esj) ^ E^,, v{E^^^- E^,^) ^ E^,, (2.42) 

i^(-E'4,5 — -E'10,9) = -E'as) ^^(-£'4,10 — -E'5,9) = -E'a2) ^{^2,1 — Eq^-j) — —E^ai (2.43) 
^^(-^3,2 - -£^7,8) = -E-a-i, ^^(£"4,3 - -^8,9) = -E-at, l^{Er„4 " -£^9,lo) = -E-as, (2.44) 

i^(-£^io,4 - -£^9,5) = -E-a2, J^{Ei,i - Eq^g) = ai + 0:3 + q;4 + ^(0:2 + as), (2.45) 

1 1 
i/(£'2,2 - -Et,?) = as + ^4 + -(a2 + "5), 1/(^3,3 - Eg.s) = ^4 + -(02 + as), (2.46) 

1 1 

2/(^4,4 - £"9,9) = 2(^2 + ag), 2^(^5,5 - ^lOJo) = ^{ct2 - "s)- (2.47) 

Then A becomes an o(10, C)-module with respect to the action 

A{f) = iy{A){f) for A e o(10, C), / G A (2.48) 
Thanks to (2.9), (2.10), (2.27)-(2.31), (2.36) and (2.37), we have 

{Ei^2 - Erfi)\A = x^d^^ + xed^g + x^d^^w + ^^n^a^is, (2-49) 

(£^2,3 - -^8,7) \a = X^d^^ + Xs^^g + Xio^^ia + XiAii, (2-50) 

(^3,4 - £9,8) U = -X2dx3 - xed^Q - X8<9:rio + a;i4<9^i5, (2.51) 



l-c/4,5 - 










F W . — 


X3'^xs x^UxQ xiUxg -ii^Ux-i^g, 




[^1,3 - 


F \\ . — 




(0 '^A\ 
V / 


1-^2,4 




^20x4, X^Oxg + XsOxi2 + ^\3<~>x\zi 




( P 


F \\ . — 


•''I'-^xa •''6'^xii •''8'^a;i3 •*'12'^a;i6) 




( P 

[-1^3,10 


F \\ , - 




yz,.o I j 


( , - 


^9,%)\A — 


X2OXY + ^^sajj^g -|- XQOx-^2 + 2;iiaa;^g, 




l-C/2,5 


- 1 , — 
^10,7 )\A — 






{■1^2,10 


^b,7)\A — 




(9 f,r\\ 

I Z.UU J 


( W 


F, \ \ . — 


on y— J 1 on . y— J 1 nr' y~J 1 ry /~i 

-2;iaj;5 + X4aa;ii + X'Jax-^^ + a;i20'a;i6, 


(0 R1 


( F 


F W . — 




yz.vz ) 


(F, 


^bfi)\A — 


X2C'x8 + -^30x10 + X4OX12 + XiiOxj^e, 




(-E'2,9 


^4,7 )\ A — 




(9 f{A\ 


( F. ^ 


F. A\ , — 
^4:,6)\A — 


—XiOx8 X^Oxi^ — X3OX13 -+- XgOxj^g, 


(9 f\'^\ 


( F 


F . — 
-1^3,7 )\A — 


/y y~i ry /^i 1 ry /~i ry /~i 

XiOxg X20x^^ + XfOx^^ X^Ox-^Q, 


(9 (\(\\ 


(-^1,8 - 


- -£'3,6)14 = 


~X\dx^Q + ^2^X13 •^4^X15 -^6^X16) 


(9 f{7\ 


(Ei,r 


— -£'2,6) U — 




(2.68) 


[Ej^i — Es+j^s+j)^ — r[(£'jj — i?5+j^5+j)^], 


(2.69) 




(2.70) 



for 1 < i < j < 16, 

{Er,r - E5+r,5+r)\A = X](l/2 + ar,i)Xidxi, V G T^S, 



16 



where 0^,1 are given in the following table 

Table 1 



(2.71) 



i 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


ai,i 




















-1 


-1 





-1 





-1 


-1 


-1 


-1 


-1 


0-2,1 











-1 





-1 








-1 





-1 


-1 





-1 


-1 


-1 


a.3.i 








-1 





-1 











-1 


-1 


-1 





-1 





-1 


-1 


('Lt 





-1 








-1 


-1 





-1 








-1 





-1 


-1 





-1 


05,1 


-1 











-1 


-1 





-1 


-1 


-1 





-1 











-1 



Note that (2.39)-(2.68) are the representation formulas of all the positive root vectors. 
In particular, xi is a highest-weight vector of V with weight A4, the forth fundamental 
weight of Eq, and V gives a spin representation of o(10, C). 



3 Decomposition of the o(10, C)-Module A 

Recall that the representation of on A is given by (2.37) and the representation of 
0(10, C) is given in (2.48). We calculate 

16 

ar\A = ^br,i^i9^i for r G 1, 5, (3.1) 

i=l 

where br,i are given in the following table: 

Table 2 



i 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


bi,i 











1 





1 


-1 


-1 


1 


-1 


1 





-1 











b2,i 








1 


1 


-1 


-1 


1 


-1 




















1 


-1 


b3,i 








1 


-1 


1 


-1 











1 





-1 


1 


-1 








b4,i 





1 


-1 








1 





1 


-1 


-1 











1 


-1 





b5,i 


1 


-1 




















1 


1 


-1 


1 


-1 


-1 









Recall that a singular vector of o(10, C) is a nonzero weight vector annihilated by positive 
root vectors. Note that the weight of a singular vector in A must be dominate integral. 
The above table motivates us to assume that 



Ci = aiXiXii + a2X2Xg + a^x^XQ + a4X4X5 (3.2) 
is a singular vector, where Oj are constants to be determined. By (2.49), 

(£;i,2-£^7,6)(Ci) = 0. (3.3) 

Moreover, (2.50) says 

{E2,3 - Es,7){Ci) = (03 + a4)x3X5 = =^ 04 = -03. (3.4) 
Expression (2.51) gives 

(^3,4 - Eq^s){(i) = -(as + a3)x2X6 = ^ a3 = -aa. (3.5) 
Furthermore, (2.52) yields 

(^4,5 - £;io,9)(Cl) = (ai - a'2)XlXg = ^ Os = Ci. (3.6) 

According to (2.53) and (3.4), 

(£;4,io - £^5,9) (Ci) = - (03 + 04)^3X4 = 0. (3.7) 
Taking oi = 1, we have the singular vector 



Cl = XiXu + X2Xg - X^Xq + X4X5 



(3.8) 



of weight Ai, the first fundamental weight of Eq. Thus Ci generates the 10-dimensional 
natural o(10, C)-module U. According to (2.49)-(2.53), (2.69) and (2.70), 

{E2,i - -Bej) U = ^7dx4 + ^sdxe + Xwd^g + Xisd^^^ , (3.9) 



(-E'4,3 ~ E8^g)\_4_ = —X^dx2 — Xgdxf^ — XiQdxg, + Xi^dx^^^ 

(-E'5,4 — -E'9,io)U — ~X2dxi + xiidxg + xisdxj^o + xudxi2, 

(-£'10,4 — -£'9,5)U = ^x^dxs — x^dx^ — x^dx^ + X\^dx^^- 



We take 



3.10) 
3.11) 
3.12) 
3.13) 



C2 = (-£^2,1 - -£^6,7) (Ci) = 2;iXi3 + - + (3.14) 

Cs = (£^3,2 - ^7,8) (C2) = XxXx^ + X2X12 - x^x^ + x^x-j, (3.15) 

C4 = (-£^4,3 - -£^8,9) (C3) = 2:1X15 - X3X12 + X4X10 - (3.16) 

C5 = (^5,4 - ^9,10)(C4) = -X2Xi^ - X3X14 + X4X13 - XyXii, (3.17) 

ClO = (-£^10,4 - -£^9,5) (C4) = 2:1X16 + X5X12 - XeXio + XgXg, (3.18) 

C9 = (-£"9,5 - £"10,4) (C5) = 2:2X16 - X5X14 + X6X13 - XgXii, (3.19) 

Cs = (-^8,9 - -£^4,3) (C9) = 2:3X16 + X5X15 + X9X13 - XioXii, (3.20) 

C7 = (-^7,8 - -E3,2)(C8) = -2:42:16 - 2:6X15 - X9X14 + X11X12, (3.21) 

Ca = (-^6,7 - -£^2,1) (C7) = 2:72:16 + 2:3X15 + X10X14 - X12X13. (3.22) 

Then U — Yl!i=\'^^i forms an o(10, C)-module isomorphic to the 10-dimensional natural 
0(10, C)-module with {Ci, Cio} as the standard basis. 

Theorem 3.1. Any singular vector is a polynomial in Xi and Ci- 
Proof. Note 

2:11 = x^'^{Ci - X2X9 + X3X6 - X4X5), (3.23) 

2:13 = 2:r^(C2 - 2:22:10 + X3X8 - X5X7), (3.24) 

Xi4 = 2:7^ (C3 - 2:2X12 + X4X8 - X6X7), (3.25) 

2^15 = 2;r^(C4 + 2;32;i2 - 2:42:10 + 2:7X9), (3.26) 

X16 = 2:J"^(Cio - 2:52:12 + X6X10 - X8X9). (3.27) 
Let / be a singular vector in A. Substituting (3.23)-(3.27) into it, we can write 



/ = g{xi, Ci, C2, C3, C4, Cio I 11, 13, 14, 15, 16 ^ il, 16). (3.28) 



By (2.52), (2.56), (2.59), (2.61), (2.62) and (2.64)-(2.68), 

{E^,, - E^o,9){f) = -xAM = ^ = 0, (3.29) 

{Es,, - E^o,s){f) = -xid,,{g) = ^ = 0, (3.30) 

(^2,5 - ^10,7) (/) = xA.ig) =0^g,^ = Q, (3.31) 

{Es,9 - E^,s) if) = -xA, {g)^O^g,,^0, (3.32) 

(£;i,5 - ^io,6)(/) = -xAM = ^ = 0, (3.33) 

(^2,9 - £^4,7) (/) = x,d,, {g)^0^ g,, = 0, (3.34) 

(£;i,9 - E^M) = -^1^X8 (^) = ^ = 0, (3.35) 

(^2,8 - ^3,7) (/) = x,d,, {g) = 0^ g,, = 0, (3.36) 

(£;i,8 - E3,e) if) = -xA,, ig)^0^ g,,, = 0, (3.37) 

{E,j - E2,6)(/) = x,d,,M = ^ g,,, = 0. (3.38) 

Thus / is a function in xi, Ci, C2) Cs? C4 ^^^d Cio- 
According to (2.49)-(2.51) and (2.53), 

(E,,, - E,,,){f) = CAAg) = ^ = 0, (3.39) 

{E2,s - Es,r) if) = C2dc, (^) = ^ = 0, (3.40) 

{Es,4 - E,,s){f) = CsdcM = ^ = 0, (3.41) 

(^4,10 - ^5,9) = C4%o i9) = 0^ ga, = 0. (3.42) 
Hence / is a function in xi and Ci. Thanks to (3.23), it must be a polynomial in xi and 

Ci- □ 

Let Vmi,m2 be the irreducible o(10, C)-submodule generated by x^^('^'^. By Weyl's 
theorem of complete reducibility, 

00 

^=0 Vm„m,. (3.43) 
mi,m2=0 

Denote by V{X) the highest-weight irreducible o(10, C)-module with the highest weight 
A. The above equation leads to the following combinatorial identity: 

00 ^ 

J2 (dimy(m2Ai + rmX^))q^'+'^' = (3.44) 

mi,m2=0 

which was proved in (3.23)-(3.41) by partial differential equations. 



4 Realization of Eq in 16-Dimensional Space 



In this section, we want to find a differential-operator representation of equivalently, 
a fraction representation on 16-dimensional space of the Lie group of type Eq. 
According to (2.36) and (2.37), we calculate 

10 

"eU = -'2xid^^ -^Xid^^ - Xi2d^^^. (4.1) 

1=2 

Write 

a = 2ai + 4q;3 + 60:4 + 3^2 + 5^5 + AaQ. (4.2) 

Then 

{a, ar) = for r e T75 (4.3) 
by the Dynkin diagram of Eq. Thanks to (2.9), 

[a,g''']^0. (4.4) 

By Schur's Lemma, a\v — c^l^^Xidxi- According to the coefficients of xidx^ in (3.1) 
with the data in Table 2 and (4.2), we have 

16 

a\A = ^Xidx^^ D, (4.5) 
1=1 

the degree operator on A. 

Recall that the Lie bracket in the algebra A (cf. (2.40)) is given by the commutator 

[di,d2\^did2-d2di. (4.6) 

Set 

16 



P = (4.7) 

1=1 

Then V forms an o(10, C)-module with respect to the action 

B{d) = [B\a, d] for B e 0(10, C), dev. (4.8) 
On the other hand, g± (cf. (2.22)-(2.32)) form o(10, C)-modules with respect to the action 
B{u) = [iy{B),u] for B e o(10,C), u e g±. (4.9) 



According to (2.36) and (2.37), the linear map determined by rji i-> Xi for i e 1, 16 gives 
an 0(10, C)-module isomorphism from ^_ to V. Moreover, (2.12) and (2.34) implies that 



the linear map determined by i-> for i e 1, 16 gives an o(10, C)-module isomorphism 
from to V. Hence we define the action of on A by 



CiU^d,, fori el, 16. (4.10) 
Recall the Witt Lie subalgebra of A: 

16 

>Vi6 = $^^a,,. (4.11) 

i=l 

Now we want to find the differential operators Pi,P2, Pie G Wiq such that the following 
action matches the structure of Q^^ : 



ViU^Pi fori el, 16. (4.12) 

Imposing 

10 

[dxi,Pl\ = [Eae, E-ae\\A = -^eU = 2xi9a;i + ^ Xi^^;, + Xi2dx^^, (4.13) 

i=2 

we take 

10 

Pi = xi{J2 Xidx, + 3^129,, J + P[, (4.14) 

i=l 

where P[ is a differential operator such that [dx-^ , P^] = 0. Moreover, 

10 

[dx^,xi{Y,Xidx,+xi2dx,,)] = xia,, for r e {2j0, 12}. (4.15) 

i=l 

Wanting [9^,, Pi] e gf^^U = o(10,C)U (cf. (2.49)-(2.71)), we take 

10 

Pi = xi (^ Xidxi + a;i29j;,2) - (^22^9 - 2^32^6 + x^x^)dx^^ 

i=l 

-{X2X10 - 0:3X8 + x^x^)^^^^ - {X2X12 - x^xs + XfsXY)d:^^^ 

+ {x^Xi2 - X^XiQ + X^Xg)^x-,^ - (X5X12 - XqXiq + XsXgjdx-,^ 

= XiP) - CA^i - C2dxis - Ca^xM - C49xiB - Cio^xie (4-16) 

by (2.52), (2.56), (2.59), (2.61), (2.62), (2.64)-(2.68), (3.8), (3.14)-(3.16), (3.18) and (4.5). 
Then 



[dx,,Pi]^[^s,Vi]\A for se 1,16 (4.17) 

due to (2.42)-(2.48). 

Since [E_a5:Vi] = V2 by (2.10), we take 

P2 = [E-a,\A,Vl\A]^-[{E5A-E9,io)\A,Pl] 

= X2D - - (28x10 - C3<9xi2 + Cbdxrs - C9<9a;i6 (4-18) 



by (2.44) and (3.12). Note that [E_a^,ri2\ = m by (2.10). Hence (3.11) gives 

P3 = [-E'-a4U,?72U] = -[(-E'4,3 - -E'8,9) U, -f2] 

= X3D + Cid^g + C2dxs + Cidxi^ + Cbdxii - Csdxie- (4-19) 
Thanks to —[E_a3:V3] — V4: (2.50) and (3.10), we have 

P4 = -[^_„3U,r/3U] = [(^3,2-^7,9)U,P3] 

= X4D - Cidxs + Csdxs - (4^x10 - (5^0:13 + (7^X16 ■ (4.20) 
Observe that [E_a2,V3] = V5 by (2.10). So (3.13) yields 

P5 = [E-a,\A,V3\A]^-[{Eio,4-E9,5)\A,P2\ 

= X5D - Cldx4 - Cidxr - Cl09a;i2 + Cg^a^M " Cs^a^ig- (4.21) 

Since [£^-0,2,774] = rjQ, (2.13) imphes 

Pe = [E-ailA^V^lA] = -[iEio,4 - Eg^5)\j^, P4] 

= xeD + Cidxs - C3dxr + Ciodxw - (98x^3 + Crdx^^- (4-22) 
As —[E_ai,ri4] = tit, we get by (3.9) that 

P7 = -[E^a,\A,v4A]^[{E2,l-Eej)\A,P4] 

= XjD - (28x5 - C3dxe + C4dxg + Cs^xii - Ce^^ie- (4-23) 

Thanks to [£'-02,777] =778, (3.13) gives 

Ps = [£_,2U,r/7U = -[(£10,4 -£9,5) U,P7] 

= XsD + C2dx3 + (3^x4 - Cwdxg + Csdxii - Ce^xis- (4-24) 

The fact [£_a4,?76] = m yields 

Pg = [E^a,UVe\A]^-[{E4,3-Es,9)\A:Pe] 

= xgD - Cidx2 + Cidx, - Clodxs - Csdx.s + Odx,^- (4-25) 
by (3.11). As [£_a4, 778] = 7710, we find 

PlO = [£_,,U,778U = -[(^4,3-£8,9)U,P8] 

= XiqD - C2dx2 - Udxi + Cio^o^e + Cs^xii - Ce^xM- (4-26) 
by (3.11). Moreover, the fact — [£_a5,7/9] = t^h implies 

Pii = -[-E'-asU'^gU] = [(-E'5,4 - £9,io)U, -P9] 

= xiiD - Cidx^ + C^dx, + C^dxs + Cadx^o - C7dx^2- (4-27) 



by (3.12). Since -[E_„3,ryio] = V12, 

P12 = -[E-aslA^VwlA = [(-E'3,2 - -E'7,8)U, -Pio] 

= X12D - Cs^^a + (4^x3 - Clodxs - Crdxii + Cedxis (4-28) 

by (3.10). 

Observing -[E^ai,r)ii\ = Vis, we have 

Pl3 = -[^-axU,^llU] = [(^2,l-^6,7)U,i^ll] 

= X13D - (2^x1 - (5^x4 - (98x6 - Csdxg + (6^X12 ■ (4.29) 
by (3.9). The fact -[E_«3,?7i3] = t^u gives 

Pl4 = -[E^as\A,Vl3\A]^[{E3,2-E^,s)\A,Pl3] 

= X14D - C^dxi + C5dx3 + Cddxs + Cjdxg - Cedxw (4-30) 
by (3.10). As -[E^a4,'>li4 = ?7i5, we get 

Pl5 = -[E-ailA^VulA] = [{^4,3 - Es,9)\a, Pu] 

= X15D - (48^^ + C^d:,^ - (gdx^ + C7dxe - Cedxs- (4.31) 
by (3.11). Since -[E_a2,r]i5\ = Vie, we have 

-P16 = — [-£^-0:2 U, ^isU] = [(£^10,4 — -£^9,5) U, -P15] 

= xiaD - Cio^xi - Cg^a^j - Csdx^ + (78x4 - Ced^r- (4-32) 

by (3.13). 
Set 
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T'^^CPi, Co = o(10,C)|^ + CD (4.33) 

i=l 

(cf. (2.49)-(2.71) and (4.5)) and 

C^V + Co + V (4.34) 

(cf. (4.7)). The we have: 

Theorem 4.1. The space C forms a Lie subalgebra of the Witt algebra Wie (cf. 
(4- 11))- Moreover, the linear map -d determined by 

m) = d,^, ^{m) = P^, ^{u) = u-\u)U for zeljl,ue g''^ (4.35) 
(cf (242)-(2.47)) and 

10 

d{aQ) = -2x1^^1 - XI ^^^^i ~ 2;i25^i2 (4.36) 



(cf. (4-V) d'i'ves a Lie algebra isomorphism from to C. 
Proof. Since V ^ as ^^^-modules, we have 

g^ + g_^^Co + V (4.37) 

as Lie algebras. Denote by U (Q) the universal enveloping algebra of a Lie algebra Q. Note 
that 

B-^Qo + S-: B+^go + S+ (4.38) 
are also Lie subalgebras of and 

e?^« = B_ee?+ = ^?_eB+. (4.39) 

We define a one-dimensional fi_-module Cuq by 

w{uo) =0 for w e B_f^g^", a{uo) = -IGuq (4.40) 

(cf. (4.2)). Let 

* = u{g^^) ®B_ Clio = u{g+) ®c Clio (4.4i) 

be the induced ^^^-module. 

Reach that N is the set of nonnegative integers. Let 

^' = c[a,„a,„...,a,j. (4.42) 

We define an action of the associative algebra A (cf. (2.40)) on A! by 

16 16 

ILH^S (4-43) 

j=i i^jei,i6i=i 

and 

16 16 
J=l i7^jel,16 J=l 



for i e 1, 16. Since 



[-Xi,d^^] = [^a:^,Xj\ = 8i^j for i,j e 1, 16, (4.45) 



the above action gives an associative algebra representation of A. Thus it also gives a Lie 
algebra representation of A (cf. (4.6)). It is straightforward to verify that 

[d\A', d\A'\ = [d, d\\A' for deCo,deV. (4.46) 
Define linear map : — > by 

16 16 

^(H^'^ ® ^o) = (^1' -'^16) e N^^ (4.47) 

i=l 1=1 



According to (2.49)-(2.71), (4.43) and (4.44), 



D{1) = -16, d{l) = for d e o(10,C)U. (4.48) 
Moreover, (4.40), (4.41), (4.43), (4.44) and (4.48) imply 

<C{v)) = m<v) for ^ego,ve^. (4.49) 
Now (4.41) and (4.43) imply 

q{w{u)) ^ 'd{w){(;{u)) for w e B+, e (4.50) 

Thus we have 

qw\^q-^ = '&{w)\a' for w e B+. (4.51) 
On the other hand, the linear map 

^p{v) = <;v\^<;-'^ for v e (4.52) 
is a Lie algebra monomorphism from to A|^/. According to (4.17) and (4.45), 

i^{m)^Pi\A'- (4.53) 
By the constructions of P2, Pie in (4.18)-(4.32), we have 



i^iVi) = PiU' for i e 2, 16. (4.54) 

Therefore, we have 

'i/;(v) = ^{v)\a' for veS^'. (4.55) 

In particular, C|_4' = '&{g^^)\A' = i^iG^^) forms a Lie algebra. Since the linear map 
0? 1-^ ci|^/ for c? e C is injective, we have that C forms a Lie subalgebra of A and is a Lie 
algebra isomorphism. □ 

By the above theorem, a Lie group of type Eq is generated by the real spinor transfor- 
mations corresponding to (2.49)-(2.71), the real translations and dilations in '^Iti^^i^ 
and the following fractional transformations: 

Pu{Xi)^- 7—, ^e {1,10, 12}, pibixii) = xn - 7 (4-56) 

1 — 0x1 1 — 0x1 

b{x2Xio - X3XS + X5X7) b{x2Xi2 - X4XS + xexr) 

Pl6(2;i3) = Xi3 , pib[Xu) = xu T , (4-57) 

1 — 0x1 1 — bxi 

, V , b{x-iXx2- X^XxQ^ X-jXg) 

P\h\Xx^) = 2^15 + \ T , (4.58) 

1 — bx\ 



Pibixw) = xie ; (4.59) 

1 — bxi 

p2b{.Xi) = _ ^^^ ^ Z e 1,14\{9, 10, 12}, p2b{x9)=Xg T^^bx'2 '(^-^O) 

b{xiXi3 - X3XS + X5X7) b{xixu - X4XS + X6X7) 

p2b{Xlo) = Xio , p2b{Xl2) = Xi2 ; r , (4.61) 

1 — 0X2 1 — 0X2 

b{xsXu- X4X13 + X7XU) 

p2b{Xl5) = Xi5 , (4.62) 

1 - 0X2 

b{x5Xu - XgXi3 + XsXu) 
p2b[Xl&) = 2^16 H l^^bX2 ' 

( \ • ^ f« Q 10 1/11 ( \ h{xiXii+X2XQ+XiX^) 

Pzb{xi) = 7—, I e 1, 15\{6, 8, 12, 14}, p3b[X6) = xe^ , (4.64) 

i — 0x3 i — 0x3 

6(a;ia;i3 + a;2a;io + X5X7) b{xiXi5 + x^xiq - xyXg) 
P3b{x8) = xs^ T^^bx'^ ' ^ ^'^'^ 1 - bxs ' ^ ^ ^ 

6(a;2a;i5 - ,T4,Ti3 + xyxii) 

P3b{xu) = 2^14 T^^bx'^ ' ^ ^ ^ 

b{x5Xir, + X9X13 - XioXn) 
P3b[xi6) = XiQ ; (4.67) 

1 - 02^3 

. . Xi ^ b{XiXu + X2Xg - X^Xq) 

P4b{xi) = 7—, « e 1, 15\{5, 8, 10, 13}, p4b[X5) = 2:5 , 4.68) 

1 — 0x4 1 — 0x4 

b{XiXi4 + X2X12 + XqXy) b{XiXi5 - X3X12 - X7X9) 
p4b{X8) = Xg^ l^^bxl ' ^'^^^^^^^ ^ 1 - bx4 ' ^ 

6(a;2Xi5 + X3X14 + X7X11) 

P46(2;i3) = 2:13 + r , (4.70) 

1 — 0x4 

P46(a:;i6) = xie ; (4.71) 

1 — 0x4 

Xi b{xixn + X2X9 - xaXe) 

p5b{Xi) = —, p5b{X4) = X4 r , (4-72) 

1 — 0X5 1 — 0X5 



i e 1, 16 \ {4, 7, 12, 14, 15}, 

6(a;ia;i3 + X-2X10 - X3X8) b{xiXi6 - XqXio + xgXg) 

p5b{X7) = X7 , p5b{Xl2) = X12 7 , (4-73) 

1 — 0x5 1 — bX5 

b{x2Xi(i + xaxis - xsxii) , . 

P5b{xi4) = 2^14 H ]~bx'^ ' ^ ^ 

b{x3XiG + a;9a;i3 - XioXn) 

Phb\x\%) = a^is ^ r ; (4-75) 

1 — 0x5 

/ N Xi , . 6(a;ia;ii + X2a;9 + 2:4X5) , , 

P6b(a;i) = 7—, P&>\xz) ^xzA , (4.76) 

1 — bx^ 1 — oxe 



i e 1,16\{3,7, 10, 13, 15}, 

6(xiXi4 + a;2Xi2 - X4X8) . . b{xxXx%^ Xf^Xvi^X^Xg) , . 

P66(a^7) = 2:7 ^ r > p6b(a^io) = a;ioH ^ r > (4-77) 

1 — oxfi 1 — bxp, 



P&b{.xxz) = xis - ^ 4.78) 

1 — 

b{x4,Xi6 + X9X14 - X11X12) . . 

P6b{xi5) = xi5 T^^bxe ' ^ ' 

P7b[xi) = — , I e 1, 15\{5, 6, 9, 11}, p7b 2^5 = , 4.80 

1 — 0x7 1 — 0x7 

h{xiXu + X2X12- XiXs) , . h{xiXif, - X2,Xi2 + XiXw) 

p7h[x&) = xq l^^bx'r ' ^'^^^^^^ ^ 1 - bx7 ' ^ ^ ^ 

b{x2Xi5 + X^Xu - X4,Xi3) 

P7b{xii) = xu T^^bx'r ' ^ ' 

I V b\X^X\^ \ Xxi^Xxi — X\2Xvi) I A on\ 

Pib\x\%) = Y^^hx^ ' ^ ' 

Xi ^(XiXis - XgXg + 2:5X7) 
PSb{Xi) = YZTb^^' P8b{x3) = X3 + l-bXs ' ^ 



i e 1,16\{3,4,9,11,15}, 

b{xixu + X2X12 + XQX7) ^(xiXie + 3:5X12 - XeXio) . . 

p8b{X4) = X4^ , p8b{X9) = Xq , (4.85) 

1 — teg 1 — oxs 

6(x2Xi6 - X5X14 + XfiXia) 

Psbixii) = xii + , (4.86) 

1 — teg 

f X b{x7Xu, + XwXii - Xi2Xr.i) /a Q'7\ 

Psb{xi5) = xi5 r ; (4-87) 

1 — teg 

/X Xi b{xiXii - xsxe + X4X5) 

p9b{Xi) = —, p9b{X2) = X2 r , (4.88) 

1 — bXq 1 — teq 



i e 1, 16 \ {2, 7, 8, 13, 14}, 

b{xiXi5 - X3X12 + X4X10) , . 6(XiXi6 + X^Xx2 - XqXxq) 

P9b{xT)^X7A , p96(Xg)=Xg , (4.89) 

1 — teg 1 — teg 

6(X3X16 + .X5,Xi5 - XioXii) 

P^bKXn) = a:i3 - ^ r^te^ ' ^ ' 

b{x4Xx%^ X^,Xx-,- XxxXx2) 
P-db\Xx4) = Xx4 r~te^^ ' ^ > 

, ^ Xi , . b{XiXi3 - X3X8 + X5X7) 

Pwb{Xi) = r , Pl0b{X2) ^X2 r , (4-92) 

1 — telo 1 — telo 



zel,16\{2,4,6,ll,14}. 



b{xiXi5 - X3X12 - X7X9) 

PlObixA) =X4 r , (4-93) 

1 - bxiQ 

b{xiXi6 + X5X12 + XsXg) 

Piobixe) = X6 + , 4.94 

1 - bxio 

6(X3X16 + X5X15 + X9X13) 

Piobixii) = Xu + r , (4-95) 

1 — tell 



1 - bxiQ 

. . Xi . . b{x2Xg - X3X6 + X4X5) 

^^^"^^'^ ^ rr^' ^^^^^^^^ = ^ 



e 1, 16 \ {1,7, 8, 10, 12}, 

b{x2Xi5 + XsXu - X4X13) 



Pllb{x7) = X7- 

Pllb{xio) = XiQ + 
Pllb{Xl2) = X12 + 



1 — bxu ' 
1 — 6x11 ' 

6(3^33:16 + 3^53^15 + 3^93^13) 

1 — 63:11 
b{x4Xie + X63:i5 + XgXu) 

1 — bxii 



Xi b{xi.ri^ + .i\,.rr - .ViXs) 

Pl2b[Xi) = r , Pl2b{X2) =X2 r : 

1 - 03;i2 1 - 0x12 



e 1, 16 \ {2, 3, 5, 11, 13}, 

6(3:1X15 - + X4X10) 

Pl26(3:3) = 3:3 + 

Pl2b{x5) = X5 - 
Pl26(3;il) = 3;ii + 
Pl26(3;i3) = 3;i3 + 



1 - 6x12 




b{XiXiQ + XsXg — 


XqXio) 


1 - bxi2 




b{x4Xie + a;63;i5 - 


f XgXi4:) 


1 - 6x12 




b{x7XiQ + a;83;i5 4 


- Xio3;i4) 



1-bx 



12 



Xi b{xiXi3 - X3XS + X5X7) 

Pl3b{Xi) = r , Pl3b[Xi) =Xi , 

1 - 03;i3 1 - 6X13 



e 1, 16 \ {1,4, 6, 9, 12}, 



/ V , 6(a;23;i5 + X3a;i4 + a;7a;ii) 

Pi36(3;4) = 3:4 + 



^136(3^6) = Xe - 
Pisbixg) ^Xg- 
Pl36(3;i2) = 3:12 + 



1 - bxi3 




b{x2XiQ - X^Xii - 


- XsXii) 


1 — 6a;i3 




6(3;3a;i6 + X5X15 - 


a;io3;ii) 


1 - 6x13 




b{xYXiQ + a;83;i5 - 


h a;io3;i4) 



1 - 63;i3 



Xi b{x2Xi2 - X4X8 + 3:63:7) 

Pub{xi) = — r — , Pi46(3;i) =3:1 r , 

1 — 0X14 1 — 0X14 



e 1, 16 \ {1,3, 5, 9, 10}, 

b{x2Xi5 - X4X13 + X7X11) 



Pl46(3;3) = 3:3 - 



1 — 6a: 
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PiAb{x^) =x^ + , (4.114) 



1 — hxii 




6(X4X16 + - 


Xl\Xi2) 


1 — 6X14 


1 







piih{.xg) =xq ^ _ ^^^^ , (4.115) 

PiAb[xio) = xio ; (4.116) 

1 — 0x14 

Xi h{x^Xi2- XiXiQ + X7Xq) ii^n 

Pi5b[xi) = — , pi5b{xi) = xi H , (4.117) 

1 — 0X15 i — 0X15 



iel,16\{l,2,5,6,8}, 

b{x3Xu - X4X13 + XyXu) 



Pl5b{x2) = X2 r > (4.118) 

1 - bxi5 

b{x3XiG + XgXis - XioXn) iinN 

Pl5b{x5) ^X5 , (4.119) 



1 - bxi5 


1 


b{x3Xi6 + XgXi3 - 


Xio^ii) 


1 - bxi5 




b{xiXiQ + a;9a;i4 — 


a;iia;i2) 


1 - bxi5 




b{x7Xie + xioxu - 


- x-^2X'^z) 



Pibbixo) ^Xq , (4.120) 

1 - 02^15 

b{x'7XiQ ^ xwxii - x-^2X'^z) ioi\ 

pibb[xs) = r ; (4.121) 

1 - rai5 

Pl6b[Xi) = r , Pl6b{Xi) = Xi , (4.122) 

1 — 0x16 1 — bxiQ 



iel,16\{l,2,3,4,7}, 



b{x5Xu - XgXi3 + XsXii) 10Q^ 

Pi6b{x2) =X2 + r -, (4.123) 



Pl(ib[X3) ^X3 r , (4.124) 

1 - 02^16 

^166(2:4) ^X4 r , (4.125) 

1 - bxi6 

b{x8Xi5 + XioXu - X12X13) 

^166(2:7) ^xr r ; (4.126) 



1 - bxie 




b{x5Xi5 + X9X13 - 


a;ioa;ii)) 


1 - bxie 




b{x6Xi5 + XqXm - 


a;iia;i2) 


1 - bxiQ 




b{x8Xi5 + XioXu - 


- 2^122:13) 


1 - bxia 



where b e 



5 Functor from Ds-Mod to E'e-Mod 

In this section, we construct a new functor from Ds-Mod to E'e-Mod. 
Note that 

0(10, A) = ^ [A{Ep^n+q — Eq^n+p) + «4(-E'n+p,g - E^+q^p)] 
1<P<?<5 
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+ ^ ^(E,,, - „+,) (5.1) 

2J = 1 



forms a Lie subalgebra of the matrix algebra gl{10,A) over A with respect to the com- 
mutator, i.e. 

[fB,, gB^] = fg[B,, B2] for f,geA, B,, B^ e yZ(10, C). (5.2) 
Moreover, we define the Lie algebra 

}C = o{1Q,A)®Ak (5.3) 

with the Lie bracket: 

[6 + /«, 6 + 91^] = [Ci, 6] for 6, 6 e 0(10, ^), /, ^ e ^. (5.4) 

Similarly, gl{16,A) becomes a Lie algebra with the Lie bracket as that in (5.2). Recall 
the Witt algebra Wie = ■^dxi , and Shen [Sgl-3] found a monomorphism 9 from the 
Lie algebra Wie to the Lie algebra of semi-product Wie + 9'^(16, A) defined by 

16 16 16 16 16 

^(E f^^^i) = E f^^^i + ^i(E /^^-^)' ^i(E f^^^i) = E (5-5) 

1=1 1=1 1=1 i=l i,j=l 

According to our construction of Pi-Pie in (4.12)-(4.32), 

16 
r-=l 

On the other hand, 

£ = Wis © /C (5.7) 
becomes a Lie algebra with the Lie bracket 

[di + fiBi + f2K, d2 + giB2 + 5'2«] 
= [di,d2] + hgi[Bi,B2] + di{g2)B2-d2{gi)Bi + {di{g2) -d2{gi))K (5.8) 

for fi,f2,gi,g2 e A, Bi,B2 e o(10,C) and ^1,0^2 G Wis. Note 

= ^ (5.9) 

by (2.32) and (4.2). So there exists a Lie algebra monomorphism q : Qq ^ IC determined 

by 

Q{a) = 2k, ^(li) = v~^{u) for e (5.10) 

Since $5 is a Lie algebra monomorphism, our construction of Pi-Pie in (4.12)-(4.32) and 
(5.6) shows that we have a Lie algebra monomorphism t : Q^*^ K, given by 



i{u) = u\ji + q{u) for u e Qq, 



(5.11) 



= t^iVi) ^ Pi + '^Xrg{[^r,Vi]) fori el, 16. (5.12) 

r=l 

In order to calculate {l{Pi), l{Piq)} explicitly, we need the more formulas of u on 
the positive root vectors of o(10,C) extended from (2.42)-(2.47). We calculate 

i^(-S3,5--Slo,8) = -Sa4+a5) ^(^2,5 - Eiqj) ^ -Ej^s^^^., u(Ei^g - £4^^) ^ Ej^f^^ai^ (5.13) 
^^(-£^3,9 - -£"4,8) = Ea2+a4+a5i ^(-^2,9 " -E'4,7) = ~-^X;f=2"x' (^-l^) 
U{E^,, - E,o,6) = ^ai+Ef=3a.' ^(^^,8 - £^3,7) = -^^a^+Et.a.' (^-l^) 

Now 

l-iVl) = -Pi - a;i^(Q;6) - X2Q{Ea^) - X3g{Ea^+a5) - X4g{Ea3+a4+a5) 

-a;9^(^„,+Ef=2«J ~ ^10i?(^a4+ELi«i) ~ Xl2g{E^,+a,+j:Ua,) 
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= -Pi + "2"[X^(-^».» ~ -E's+i.S-fi) — -Ss.S + -E'10,10 — 1^ ~ ^2(-E'4,5 — -Sio.g) 

i=l 

-Xz{E^-, - -El0,8) + 2:4(^2,5 - ^10,7) - 2:5(^3,9 - ^4,8) + 3^6(^2,9 " -£"4,7) 
-X7{Ei^^ - EiQ^o) - Xs{Ei^9 - E^^q) + Xg{E2,8 - -^3,7) 

-XwiEi^s - Es^e) + Xi2iEij - E2,^) (5.17) 
by (2.43), (2.46), (2.47), (4.2), (5.10) and (5.13)-(5.16). Moreover, 

i(772) = t([£;_a5,77i]) = [i{E_^^),i{r]i)\ = -[(£;5,4-^9,io)U + (^5,4-^9,io),''(?7i)] 
= -[-X2dx^ + xiidx^ + xizdx^o + xx^dx^^ + (-£"5,4 - -£9,10), '-(^i)] 
= -P2 + -^\^^{Ei^i - £'5+j_5+j) - £"4^4 + £'9^9 - «;] - xi{E^^4 - £9,10) 

-X^iE^^A - £9,8) + 2^4(^^2,4 - £^9,7) + ^^{E^^io - £5,8) - Xfi{E2,w - Eqj) 

-X7{Ei^4 - Egs) + X8(-El,10 - -^5,6) - Xu{E2,8 - E^j) 

+Xi3(£l,8 - ^3,6) - Xi4(£l,7 - £^2,6) (5.18) 

by (3.12). According to (3.11), 

i%) = t([£-«„ r/2]) = K^-aJ, i{ri2)] = -[(^4,3 - ^8,9)U + (^4,3 ' ^8,9), ^(^^2)] 
= -[-X^dx^ - Xgdxe - Xiodxs + S^IS^xm + {E4,3 " -^8,9), ^(^2)] 
= ^3 + y [l](£^v - £^5+i,5+i) - £^3,3 + £^8,8 " " X,{E^,3 - Sg.io) 

-3^2 (-£4,3 - -^8,9) + 2:4 (-£2,3 - -^8,7) - (-£4,10 - -£5,9) - 2:7 (-£1,3 - -^8,6) 

-X9(-B2,io - -£5,7) + a;io(-Ei,io - -£5,6) + a;ii(-B2,9 - -£4,7) 

-a;i3(£i,9 - ^4,6) + 2:15(^1,7 - £^2,6). (5.19) 



Furthermore, (3.10) implies 

^(774) = -i([E_^„V3]) = -[i(E_^,),i(v3)] = [(^3,2 - Er,s)\A+(E3,2 - Er,s),t(V3)] 
= [x4dx3 + xed^^ + xudxio + XiA^s + (-^3,2 - -£^7,8), (-{Vs)] 
= + y - E5+i,5+i) - E2,2 + £^7,7 - + a;i(^5,2 - ^7,10) 

+X2(-B4,2 - -£7,9) + X3{E3^2 - Er,8) - Xe{E4^io - E^^g) + X7{Ei^2 - Erfi) 

—XgiE^^iQ — E^^s) + xii(-E3^9 — £'4^8) + a;i2(-E'i,io — -£5,6) 

-xu{Ei,g - £^4,6) + xi^iEi^s - £^3,6). (5.20) 
Observe 

^(775) = L{[E^a2,V3\) = HE-a2),l^{V3)] = -[(£^10,4 - £^9,5) U + (£^10,4 - £^9,5) , t(?73)] 

= -[-X5(9^3 - xed^^ - xsd^^ + xied^^^ + Eio,4 - £"9,5, i^iva)] 
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= £*5 + "^[^(£'i,i ~ £'5+1,5+1) — ^(£'i,i ~ £'5+1,5+1) — 1^ — 2^1 (£'9,3 " £^8,4) 

i=l i=3 

+a;2(£^io,3 - ^8,5) - 3:3(^10,4 - ^9,5) + a;6(^2,3 - £^8,7) - a;8(£^i,3 - £^8,5) 
—2^9 (£'2,4 — £^9,7) + a;io(£^i,4 — £^9,6) " a;ii(£^2,5 — £'10,7) 

+2:i3(£^l,5 - £^10,6) - 2;i6(£^l,7 - £^2,6) (5.21) 

by (3.13). Similarly, 

(-(Ve) = ii[E_a2,ri4\) = [^(^-aj, 6(7/3)] = -[(^10,4 - ^9,5) U + (^10,4 - £"9,5), ''(^4)] 
= -[-x^d^.^ - xad,,:^ - x^d^^ + xi^d^;^^ + ^10,4 - £^9,5, '•('74)] 

= P&-\- -^[^^ (£'i,i - £^5+i,5+i) - ^ (£^1,1 - £^5+i,5+i) - /«] + a;i(£'9,2 " £^7,4) 

j=l,3 i=2,4,5 

-2:2(^10,2 - ^7,5) - a;4(^io,4 - £^9,5) + 2:5(^3,2 - ^7,8) + a;8(^i,2 - ^7,5) 

— 2^9(£^3,4 — £^9,8) — a;il(£^3,5 — £"10,8) + a;i2(£'l,4 — £^9,6) 

+a;i4(£^i,5 - £^10,6) - a;i6(£^i,8 - £^3,6). (5.22) 
Moreover, (3.9) yields 

L{r],) = -6([E_„,, 774]) = -W^-aJ, iiVA)] = [(^2,1 - £^6,7)U + (^2,1 - ^6,7), 

= [xid^^ + XgS^e + 3:^10^X9 + 3:^135x11 + (£^2,1 - £^6,7), ^(774)] 



£7 + ^[^(£'i,i ~ £^5+1,5+1) — £'1,1 + £'6,6 — lA~ ^l(£'5,l — £'6,10) 

-X2{Ei,i - £^6,9) - a;3(£^3,i - £^6,8) + 2:4 (£^2,1 - £^6,7) - a;8(£^4,io - £^5,9) 

— Xlo(£'3,10 — £'5,8) + 2;i2(£'2,10 — £'5,7) + 2;i3(£'3,9 — £'4,8) 

-xi4(£;2,9 - ^4,7) + a;i5(£^2,8 - £^3,7). (5.23) 



Furthermore, (3.13) gives 

i{r)8) = 777]) = W^-aa), l^iVr)] = -[(^10,4 - ^9,5)U + (^10,4 - ^9,5), l^iVl)] 

= -[-X5<9^3 - xed:,^ - xsd:,^ + xi^d^ci^ + Ew^^ - £"9,5, i{rn)] 

= P& + -^[^^{Ei^i - £^5+i,5+i) - ^ (-E'i,i - -£5+1,5+1) - - a;i(£'9,i - £5,4) 

i=2,3 1=1,4,5 
+X2(£l0,l - ^6,5) - 3^5(^3,1 - ^6,8) + 2^6(^2,1 - Eqj) - X^{EiQ^i - £9,5) 

— Xio(-E3,4 — -Eg.s) + Xi2{E2,4: — -^9,7) " 2:13 (£3,5 " -£'10,8) 

+xi4(£2,5 - £^10,7) - xie{E2,s - Esj). (5.24) 
According to (3.11), 

^(779) = i{[E_a^,r]e]) = [iiE_aJ, tive)] = -[(^4,3 - -£^8,9)U + (^4,3 - -£^8,9), i^ive)] 
= -[-X3(9^2 - ^9dxe - xiod^g + Xi5(9j,i4 + (£4,3 - -£^8,9), ^{ve)] 

— P9 + (-^i,i — -E^5+i,5+i) — ^ {Ei,i — -£5+1,5+1) — k] + Xi{Es,2 — E-j^^) 

i=l,A j=2,3,5 

-X3(£io,2 - -£^7,5) - a:4(-Kio,3 - -^8,5) - a:5(-£4,2 - -^7,9) - 2;6(-E4,3 - -£^8,9)) 
+a;io(-£i,2 - -^7,6) + a;ii(-£4,5 - -^10,9) + 2:12 (-£1,3 - -^8,5) 

-Xi5(£i,5 - £10,6) + a;i6(-El,9 - -^4,6) (5.25) 

and 

l^illio) = t([£-a4,?78]) = K£-a4)? ^-(^8)] = "[(^4,3 " ^8,9)U + (^4,3 " ^8,9), f^iVe)] 

= -[-xsd^^ - X9(9^g - xio^^g + a;i5(9^,4 + (£4,3 - £3,9), tivs)] 

— Pio + -^[''^{Ei,i — £5+1,5+1) — ^ {Ei,i — £5+1,5+1) — k] — xi{Es^i — £5,3) 

i=2,4 i=l,3,5 
+3^3(^10,1 - ^6,5) + •^5(^4,1 - ^6,9) - •^7(£'l0,3 - ^8,5) - Xs{E4^3 - £8,9) 

+a;9(£2,i - £5,7) + a;i2(£2,3 - -£^8,7) + 2:13 (£4,5 - -^10,9) 

-3^15(^2,5 - ^10,7) + a;i6(£^2,9 - ^4,7). (5.26) 
Moreover, (3.12) yields 

''(r^ll) = -t([£_ag,779]) = -[t(£_„J,t(?79)] = -[(£5,4 - ^9,lo)U + (^5,4 - £9,10), ''('7l)] 
= [-X2d^^ + Xiida:g + Xi^d:^^ + ^ud^^^ + (£5,4 - £9,10), ^(^9)] 

= -Pll + ^^[^ (-^i,! ~ -E'5+j,5+i) — ^ {Ei^i — £5+2,5+1) — k\— X2(£8,2 — -E'7,3) 

j=l,5 j=2,3,4 

+a;3(£9,2 - £7,4) + 2:4 (£9,3 - -£^8,4) - 2:5 (£5,2 - -£^7,10) - a;6(£5,3 - -£^8,10)) 
+X9(£5,4 - -^9,10) + a:;i3(£i,2 - -^7,6) + a:;i4(£i,3 - -^8,6) 

+a;i5(^i,4 - £^9,6) + xi6(£i,io - £5,6) (5.27) 



Furthermore, (3.10) implies 

t(Vi2) = -L([E_^„mo]) = -[i(E_^,),i(vio)] = [(^3,2 - Er,s)\A+(E^,2 - ^7,3), ^M] 

= -P12 + ^[^^ - -£"5+1,5+1) - ^ {Ei,i - -E'5+j^5+j) - k]+ Xi{Et^i - Eq^2) 

1=3,4 1=1,2,5 

+X4{Eio,l - -^6,5) + 3:^6(^4,1 - ^6,9) + 3^7(^10,2 - ^7,5) + X8{E4^2 - Ej^g) 

+X9{E3^i - Eq^s) + xio{E3^2 - -Et.s) + x^iE^^^ - ^10,9) 

-3^15(^3,5 - £^10,8) + 0^16 (£^3,9 - £^4,8). (5.28) 

Note that (3.9) gives 

i^iVis) = -i{[E_^„Vn]) = -[i{E_^,),i{vii)] = [(^2,1 - Eej)U + {E2,i - Eqj) , iirj^)] 

= [Xrda:^ + Xsd^^ + Xioda:g + x^d^y, + (£"2,1 - Eqj), t(?7ll)] 

— Pl3 + -^[^ ~ -E'5+i,5+i) — ^ {Ei,i — £^5+j,5+j) — k] + X2{Es,l — -^6,3) 

j=2,5 1=1,3,4 

-a;3(£^9,i - ^6,4) + .«5(-E5,i - -^6,10) + xj^Eq^s - ^8,4) - xsiE^^s - -£^8,10)) 
+a;io(-E'5,4 - -^9,10) + a;ii(-B2,i - -£^6,7) + xu{E2,3 - E^j) 

+xi5{E2,4 - Egj) + xie{E2,io - E^j). (5.29) 
Moreover, (3.10) yields 

iiVu) = -i{[E_^,,Vl3]) = -M^-a3),i(r7i3)] = [(^3,2 - ^7,8)U + (^3,2 - Ej,s) , 
= [X4dx3 + a:6<9x5 + ^125x10 + a^U^xia + (^3,2 - -£^7,8), ^(7713)] 

= -P14 + -^["^{^hi ~ -E'5+j,5+i) — ^ (Ei^i — E's+j^s+j) — k] — X2{E-j^i — £'5,2) 

i=3,5 «=1,2,4 

-X4{Eq^I - Eq^^) + Xq{E5,i - Eqjo) - .T7(£9,2 " -^7^4) + •^8(-E5,2 " ^7,lo)) 
+2^11 (-^3,1 - -^6,8) + a;i2(-E5,4 - -£^9,10) + 2:13 (-^3,2 - -^7,3) 

+3^15(^3,4 - £^9,8) + a;i6(£^3,io - ^5,8). (5.30) 
Furthermore, (3.11) implies 

^(^15) = -l-iiE-ai^Vu]) = -[i{E_^J, 6(7714)] = [(£"4,3 - £3,9) U + (^4,3 - ^8,9), ''('714)] 
= [-X3dx2 - Xgdxe " Xiod^^ + Xir,d^^^ + (£4,3 - -^8,9), t(^14)] 

= -P15 + ^^[^ (-^i,i ~ -E'5+i,5+i) — ^ {Ei^i — £5+2^5+,) — k] + X3{E7^i — £6,2) 

j=4,5 1=1,2,3 

+X4{Es,l - £6,3) + X7{Es,2 - £7,3) - X9{E5^i - Eq^iq) - Xio{E5^2 - -£^7,lo)) 
+2:11 (£4,1 - -^6,9) - 2:12 (£5,3 - -^8,10) + 2:13 (£4,2 - -^7,9) 

+xi4(-E'4,3 - -E'8,9) + a;i6(-E'4,io - -E'5,9)- (5.31) 



Finally, (3.13) gives 

^(^16) = -L{[E^a2,'ni5]) = -HE-a2),l^{'ni5)] = [(-£^10,4 " -^9,5)!^+ (-^10,4 - -^9,5) , ^(^^is)] 
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= -P16 - -^l^^^i'i ~ ^5+1,5+1) +k]- X5{E7^i - Eg,2) - X6{Es,l - -^6,3) 

i=l 

-Xs{Es,2 - -^7,3) + a;9(£^9,i - £^6,4) + a;io(£^9,2 - £^7,4)) + a;ii(£'io,i - £"6,5) 
+2^12 (-£9,3 — -^8,4) + a;i3(£'io,2 — -£7,5) + a;i4(-E'io,3 — -E'8,5) 

+2:15(^10,4 -£^9,5). (5.32) 
Recall A — C[xi, Xiq\. Let M be an o(10, C)-module and set 

M^A<^cM. (5.33) 

We identify 

f®v = fv ior f e A, V e M. (5.34) 

Recall the Lie algebra fC defined via (5.1)-(5.8). Fix c e C. Then M becomes a A^-module 
with the action defined by 

d{fv) = d{f)v, K\{fv) = cfv, {gB){fv) = fgB{v) (5.35) 

for /, ^ e ^, veM and B e o(10, C). 

Since the hnear map l : Q^^ — > K, defined in (5.10)-(5.12) is a Lie algebra monomor- 
phism, M becomes a ^^^-module with the action defined by 

^{w) = i(OH for ieg^\ w eM. (5.36) 

In fact, we have: 

Theorem 5.1. The map M gives a functor from o(10,C)-Mod to g^^-Mod. 

We remark that the module M is not a generalized module in general because it may 
not be equal to U{g){M) = C/(^?_)(M). 

Proposition 5.2. If M is an irreducible o{10,C) -module, then U{g^){M) is an irre- 
ducible g^^ -module. 

Proof Note that for any i e Yj6, f e A&ndv E M, (5.12), (5.35) and (5.36) imply 

Ufv) = d.,{f)v. (5.37) 

Let W be any nonzero ^^^-submodule. The above expression shows that WP\M {0}. 
According to (5.35), Wf]M is eoi. o(10, C)-submodule. By the irreducibility of M, M C 
W. Thus U{g_){M) c W. So U{g_){M) ^Wis irreducible. □ 



By the above proposition, the map M i— > U{Q-){M) is a polynomial extension from 
irreducible o(10, C)-modules to irreducible ^^^-modules. 



6 Irreducibility 

In this section, we want to determine the irreducibility of ^^^-modules. 

Let M be an o(10, C)-module and let M be the ^^^-module defined in (5.33)-(5.36). 
Moreover, M can be viewed as an o(10, C)-module with the representation l{i'{B))\^ (cf. 
(2.42)-(2.47)). Indeed, (5.11) and (5.36) show 

iy{B){fv) = B{f)v + fB{v) for B e o(10, C), f e A, v e M (6.1) 

(cf. (2.49)-(2.71)). So M = ^ (g)c M is a tensor module of o(10, C). Write 

16 16 

V'" = Ylvt\ \a\=J2oiiioTa={ai,a2,...,aie)eN^^ (6.2) 

i=l 1=1 

(cf. (2.27)-(2.31)). Recall the Lie subalgebras g± and Go of G^'^ defined in (2.32). For 

A; e N, we set 

Ak = Spanc{a;" | a e N^^; \a\ = k}, M^k) = AkM (6.3) 
(cf. (2.39), (5.34)) and 

{U{g^){M))i^k) = Spanc{r?"(M) | a e |a| = k}. (6.4) 

Moreover, 

([/(e;_)(M))<o> = M(o> = M. (6.5) 

Furthermore, 

oo oo 

^=0%' = 0(t^(^-)W)(;^>- (6.6) 

fe=0 A;=0 

Next we define a linear transformation (/? on M determined by 

^fix^'v) = 77°^(^;) for a e t; e M. (6.7) 

Note that Ai — Y^^^i forms the 16-dimensional ^o-module (equivalently, the o(10, C) 
spin module). According to (2.9) and (2.10), Q- forms a ^o-module with respect to the 
adjoint representation, and the linear map from Ai to Qq determined by Xi i-> r]i for 
i e 1, 16 gives a ^o-module isomorphism. Thus </? can also be viewed as a ^q- module 
homomorphism from M to U{Qq){M). Moreover, 



(^(M(fe)) = (C/(^?_)(M))(fc) for ken. 



(6.8) 



Note that the Casimir element of o(10, C) is 

l<i<j<10 
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+ J2 - E,+j,,+i){Ej,i - E,+i,,+j) e C/(o(10, C)). (6.9) 

The algebra C/(o(10, C)) can be imbedded into the tensor algebra C/(o(10, C))(8)C/(o(10, C)) 
by the associative algebra homomorphism S : [/(o(10,C)) ^ [/(o(10,C)) ®c t/(o(10,C)) 
determined by 

= M® l + l^-u for M e o(10,C). (6.10) 

Set 



u = -{S{uj) - a; (8) 1 - 1 (g) a;) e C/(o(10, C)) (8)c U{o{2n, C)). (6.11) 
2 



By (6.9), 



oj — ^2 [(-^»'5+J ~ Ej^5+i) (g) (-Bs+j,! - -Es+jj) + {E5+j,i - E5+ij) (8) (-Bi,5+j - -Ej.s+i)] 

l<i<j<5 
5 

+ ^ (-£^i,i - -£^5+i,5+i) ® (-£^i,i - -E's+i.s+i)- (6-12) 

Furthermore, a; acts on M as an o(10, C)-module homomorphism via 

(B,0B2)(fv)^B^(f)B2{v) for Si, G o(10, C). (6.13) 



Lemma 6.1. We have = {uj — c/2)|^^^. 

Proof. For any v e M, (2.49)-(2.71), (5.17), (6.12) and (6.13) give 



Uj{XiV) = [-X2(^4,5 - ^10,9) - 3:3(^3,5 - Eio,8) +2:4(^2,5 - ^10,7) 
-X5{E3^Q - £^4,8) - X7{Ei^5 - Eiq^) + Xq{E2,9 - E^j) 

—XsiEi^g — E4fi) + Xg{E2^s — E^j) — Xio(-E'l,8 — E^^q) 

4 

+Xi2{Eij - ^2,6) + XiQ2{Ei^i - £;5+i,5+i) - ^5,5 + ^10,lo)]^^ 

i=l 

= r)i{v) + {c/2)xiv^{(p + c/2){xiv), (6.14) 

equivalently, ip{xiv) = (a) — c/2){xiv). According to (3.12), (E'g^io — E5^4){xi) = X2- So 

^p{x2v) + </7(a:;i(£;9,io - Er^^i){v)) = (£^9,10 - E^^i){^p{xxv) 
= (^9,10 - £5,4) [{Co - c/2) (xit;)] = (w - c/2) [(£9,10 - £5,4) (a^i^;)] 
= (a) - c/2) [^2^ + xi (£^9,10 - £5,4) (t")] 
= (a) - c/2)(x2^;) + (a) - c/2) (xi (£9,10 - ^5,4)(^;)) 

= (a;-c/2)(a;2t;) + <^(a;i(£9,io-^5,4)(t')), (6.15) 



equivalently, ip{x2v) = {uj — c/2){x2v). 
Observe that 

{Es,g - E4^s){x2) = X3, {Es^2 - ^7,8) (^^s) = X4, {Eq^5 " ^10,4) (^^^s) = X5, (6.16) 

(£^6,8 - -£^3,l)(^3) = X7, (£^7,5 - Eio^2){x2) = 2^6, (-^10,1 - -E6,5)(2^2) = Xg, (6.17) 

(£"8,2 - £"7,3) (a^i) = xg, {Eq^s - Es,i){xi) = xio, (£7,3 - ^8,2) (a;2) = xn, (6.17) 

(£3,2 - £7,8)(2;io) = 2;i2, (£8,1 - -£^6,3)(2;2) = a^^is, (-^3,2 " -£^7,8) (^^is) = ^^u, (6.18) 

(£4,3 - £8,9) (a^u) = Xi5, (£10,4 - £9,5) (3^15) = (6.19) 
by (3.9)-(3.13). Using the argument similar to (6.14) and induction, we can prove 



ip{xiv) = {u- c/2){xiv) for i e 1, 16, (6.20) 
equivalently, the lemma holds. □ 
We take the subspace 

5 

n = J2^iE^,^-En+^,n+^) (6-21) 
i=l 

as a Cartan subalgebra of the Lie algebra o(10, C) and define {si, £5} C H* by 

^i{Ej,j ~ En+j,n+j) = (6.22) 

The inner product (•, •) on the Q-subspace 

5 

LQ = J2'^^i (6-23) 

i=l 

is given by 



(ei,Sj) = 5ij for i,j e l,n. (6.24) 
Then the root system of o(10, C) is 

= {±£i ±ej\l<i<j <5}. (6.25) 

We take the set of positive roots 

$+^ = {£,±£,|l<z<j<5}. (6.26) 

In particular, 

= {^1 — £2, £4 — £5, £4 + £5} is the set of positive simple roots. (6.27) 



Recall the set of dominate integral weights 



A+ = {// e Lq I (£4 + £5,//),(£i e Nfor i e 1,4}. (6.28) 
According to (6.24), 

5 

A+ = {/X = Hi£i I iii e Z/2; iii - i^i+i, 114 + fx^e N}. (6.29) 



i=l 



Note that if e A"*", then /X4 > I/Iq]. Denote 



I E ^- (6-30) 



^ 2 
Then 

(p, I/) = 1 for 1/ e (6.31) 

(e.g., cf. [Hu]). By (6.24), 

4 

p = Y^{5-z)si. (6.32) 
1=1 

For any n G A"*", we denote by V{ijl) the finite-dimensional irreducible o(10, C)-module 
with the highest weight and have 

^\v(^l) = ()" + 2p, /^)Idy(^) (6.33) 

by (6.9). 

Let Z2 = Z/2Z = {0, 1}. According to (2.71) and Table 1, the weight set of the 
0(10, C)-module Ai is 

5 5 

n(^i) = {(1/2) E(-l)''^i I ki e Z2, E = !}■ (6-34) 

i=l i=l 

Fix A e A+, we define 

T(A) = {A + /X I /X e n(A), A + /X e A+}. (6.35) 



Lemma 6.2. VFe have: 

Ai0V{X) ^ y(A'). (6.36) 
a'gT(a) 

Proof. Note that all the weight subspaces of Ai are one-dimensional. Thus all the 
irreducible components of ^1 ^(A) are of multiplicity one. Since 

p + A + // e A+ for /X G n(A), (6.37) 



the tensor theory of finite-dimensional irreducible modules over a finite-dimensional simple 
Lie algebra (e.g., cf. [Hu]) says that V{X') is a component of Ai ® V{X) if and only if 
A' e T(A). □ 

Recall 

the highest weight of Ai = -{^i + £2 + £3 + £4 — £5) = A4, (6.38) 
the forth fundamental weight of o(10, C), by (2.71) and Table 1. Thus the eigenvalues of 

{[(A' + 2p, A') - (A + 2p, A) - (A4 + 2p, A4)]/2 | A' e T(A)} (6.39) 

by (6.11) and (6.13). Define 

C(A) = min{[(A' + 2p, A') - (A + 2p, A) - (A4 + 2p, A4)]/2 | A' e T(A)}, (6.40) 

which will be used to determine the irreducibility of F (A). If A' = A -|- A4 — a e T(A) with 
a e $ , then 

(A' + 2p, A') - (A + 2p, A) - (A4 + 2p, A4) = 2[(A, A4) + 1 - (p + A + A4, a)]. (6.41) 

Recall the differential operators Pi,..., Pig given in (4.16)-(4.32). We also view the 
elements of A as the multiplication operators on A. Recall (i in (3.8). It turns out that 
we need the following lemma in order to determine the irreducibility of ^(A). 

Lemma 6.3. As operators on A: 

Pnxi + Pixn + P9X2 + P2Xg - PeX3 - P^x^ + P5X4 + P4X5 = Ci (^ - 6) . (6.42) 

Proof. According to (4.16), (4.18)-(4.22), (4.25) and (4.27), we find that 

PiiXi PiXii P9X2 + P2X9 - PeXa - PaXe + P5X4 P4X5 
= -6C1 + a;iPii + XiiPi + X2P% + XqP2 - x^Pq - XqP^ + X4P5 + X5P4, (6.43) 

and 

XiPii + XiiPi + X2P9 + XqP2 - XsPq - XfiPa + a;4P5 + X5P4 
= xi{xiiD - Ci9j,i + C^d^j + Cq^xs + Cs^xio - Cidxii) 

-\-Xix{xiD — Cldxu — (28x13 — Czdxu — Ci9xi5 ~ ClO^xie) 
+X2(XgD - Cl<9^2 + CAr - Clodxs - C8«9xi3 + Gdx.^) 
+X9{X2D - Cidxg - C2dxio - C3dxi2 + Cs^a^iB - C9dx^e) 

-xsixeD + Cidxs - Csdxr + Cwdxw - Cg^^ia + Cvdxi^) 
-xq{x2,D + Ci<9^6 + C2<9x8 + C4<9xi2 + Cbdxii - Csdxie) 



1=1,2,3,4,5,6,9,11 

+ {xiC9 - 2:2(10 - 2:5(2 + 2:5(3)^X8 + (2:1(8 - 2:9(2 - 2:3(10 - XsQdxio 

-{xiCr + X9C3 + xeC4 + 2:4(10)^x12 - (2^11(2 + 2:2(8 - 2:3(9 + 2:5(5)^x13 

-(2:11(3 - 2:2(7 + 2:5(5 - 2:4(9)9^14 - (2:11(4 - 2:9(5 + 0:3(7 + 2:4(8)9^15 

-(2:11(10 + 2:9(9 - 2:6(8 - X5C7)dxis = CiD (6.44) 

because 

2:1(5 + 2:2(4 + 2:3(3 - 2:4(2 = 2:i(-X22;i5 - 0:3X14 + 2:42:13 - X7X11) 

+2:2(2:1X15 - 2:32:12 + 2:4X10 - X7X9) + X3(xiXi4 + X2X12 - X4X8 + X6X7) 

-X4(xiXi3 + X2X10 - X3a;8 + X5X7) = -(1X7 (6.45) 
by (3.8) and (3.14)-(3.17), 

2:1(9 - 2:2(10 - 2:5(2 + 2:5(3 = Xi(x2Xi6 - X5X14 + X6X13 - X8X11) 
-X2(xiXi6 + X5X12 - XeXio + X8X9) - X6(xiXi3 + X2X10 - X3X8 + X5X7) 

+X5(xiXi4 + X2X12 - X4X8 + X6X7) = -(1X8 (6.46) 
by (3.8), (3.14), (3.15), (3.18) and (3.19), 

2:1(8 - 2:9(2 - 2:3(10 + 2:5(4 = 2:i(x3Xi6 + X5X15 + X9X13 - XioXii) 
-X9(xiXi3 + X2X10 - X3X8 + X5X7) - X3(xiXi6 + X5X12 - XeXio + X8X9) 

-X5(xiXi5 - X3X12 - X4X10 - X7X9) = -(1X10 (6.47) 
by (3.8), (3.14), (3.16), (3.18) and (3.20), 

2:1(7 + 2:9(3 + 2:5(4 + 2:4(10 = Xi(-X4Xi6 - X6X15 - X9X14 + X11X12) 

+X9(XiXi4 + X2X12 - X4X8 + X6X7) + X6(XiXi5 - X3X12 + X4X10 - X7X9) 

+X4(xiXi6 + X5X12 - xexio + X8X9) = (1X12 (6.48) 
by (3.8), (3.15), (3.16), (3.18) and (3.21), 

2:11(2 + 2:2(8 - 2:3(9 + X5(5 = Xii(xiXi3 + X2X10 - X3X8 + X5X7) 
+X2(X3X16 + X5X15 + X9X13 - XioXii) - 2:3(X2X16 - X5X14 + X6X13 - X8X11) 
+X5(-X2Xi5 - X3X14 + X4X13 - X7X11) = (1X13 (6.49) 



by (3.8), (3.14), (3.17), (3.19) and (3.20), 

a^iiCa - X2C7 + a^eCs - 2:4(9 = xii{xxXi4. + X2XX2 - x^xs + xqx-j) 

-X2{-XiXiQ - xe^is - x^xii + X11X12) + Xq{-X2Xx5 - xzXii + X4a;i3 - x-jXu) 

-X4,{x2XiQ - xr^xii + xe^ia - 0:8X11) = Ci^^u (6.50) 

by (3.8), (3.15), (3.17), (3.19) and (3.21), 

2:11(4 - 2:9(5 + 2:3(7 + 2:4(8 = 2:11(2:1X15 - X3a:i2 + X4X10 - X7X9) 
-Xg{-X2Xir, - x^xu + 2:42:13 - x-jXii) + a:3(-a;4Xi6 - XqXi^ - X9X14 + 2:110:12) 
+a;4(a;3a;i6 + x^xi^ + a;9a;i3 - xiqXu) = (1X15 (6.51) 

by (3.8), (3.16), (3.17), (3.20) and (3.21), 

2:11(10 + 2:9(9 - 2:5(8 - 2:5(7 = a:ii(j:iXi6 + 0:52:12 - XeXw + XsXg) 

+Xg{x2Xie - 2:52:14 + 2:6X13 - XsXii) - X6(X3X16 + X5X15 + X9X13 - XiqXh) 
-X5(-X4Xi6 - X6X15 - X9X14 + X11X12) = (1X16 (6.52) 

by (3.8) and (3.18)-(3.21). □ 
We define the multiplication 

figv) = {fg)v for f,geA,veM. (6.53) 
Then (5.17)-(5.22), (5.25) and (5.27) gives 

16 

XrQ{[iv, Xl7]ii + Xii?7i + X2?79 + Xgr/z - X3?76 " 2^6% + 2;4'75 + 2;5'74]) 

r=l 

= Xi[xi3(£;i,2 - -£7,6) + Xi4(-Bl,3 - -^8,6) + Xi5(-Bl,4 " -Eg.e) + Xi6(-Bl,10 " -^5,6)] 
-Xii[x7(£^l,5 - £"10,6) + X8(-El,9 - £"4,6) + Xio(-E'l,8 - -£"3,6) - Xi2(-E'l,7 " -E'2,6)] 
+X2[Xio(£l,2 - £7,6) + •^12(^1,3 - ^8,6) - •^15(^1,5 - £"10,6) + .^16(^1,9 " ^4,6)] 
-X9[x7(£;i,4 - -^9,6) - X8(-El,10 " -£^5,6) " Xi3(-El,8 " -£^3,6) + Xi4(-El,7 " -^2,6)] 
-X3[x8(-Bl,2 - -^7,6) + Xi2(-Bl,4 " -Eg.e) + Xi4(-Bl,5 " E^q^q) - Xiq{Ei^s " E^fi)] 
+X6[X7(£^1,3 - ^8,6) - Xio(£i,io - ^5,6) + .^13(^1,9 ^ ^4,6) - •^15(^1,7 " ^2,5)] 

-X4[x8(-Ei,3 - -Es.e) - Xio(-E'i,4 - -^9,5) - 2:13 (-^1,5 - -^ica) + 2:16 (-^1,7 - -^2,5)] 

+X5[x7(£;i,2 - -£7,6) + Xi2(-El,10 - -^5,6) " Xi4(-Bl,9 " -^4,6) + Xi5(£;i,8 - -^3,6)] 

+(i(£;i,i - £;6,6 - C) 

5 5 

= Ci{El,i - £^5+i,6) + C5+r(£^l,5+. - Er,e) - c(i (6.54) 

i=l r=2 



as operators on M (cf. (5.33)), where Q are defined in (3.8) and (3.14)-(3.22). By Lemma 
6.3, (5.5), (5.6) and (6.54), 

Ti = i{'nii)xi + iirjdxu + i{'n9)x2 + i{r]2)xQ - i{r]%)xz - i{r]z)x(i + i{r]^)xi + 4(774)2:5 

5 5 
= Ci(^ - c - 6) + ^ Ci{E^,i - E5+i,e) + J2 C5+r{Ei,5+r - Er,e) (6.55) 

i=l r=2 

as operators on M. We define an o(10, C)-module structure on the space EndM of hnear 
transformations on M by 

B{T) = [u{B),T] = u{B)T - Tv{B) for B e o(10, C), T e End M (6.56) 

(cf. (6.1)). It can be verified that Ti is an o(10, C)-singuIar vector with weight e\ in 
End M. So it generates the 10- dimensional natural module. 
We set 

T2 = -[6(E_„J,Ti] = [(E2,i-E6,7)U+(S2,l-^6,7),Ti] 

5 

= C2(^-C-6)+ J]C^(£^2,^-£;5+^,7)+ J] Cs+r (^^2,5+r- - ^^r-j)] , (6.57) 

i=l r=l,3,4,5 

T3 = -[i(£;_«3),r2] = [(£;3,2-£;7,8)U + (£^3,2-£^7,8),r2] 

5 

= C3(^-C-6)+5^C^(^3,^-^5+^,8)+ J] Cs+r (^3,5+r " ^r.s)] , (6.58) 
1=1 r=l,2,4,5 

74 = -K£;-aJ, Ts] = [(£;4,3 - S8,9)U + (£^4,3 - ^8,9), ^3] 

5 

= C4(D-C-6) + J]C^(^4,^-£^5+^,9)+ C5+.(£^4,5+r- " ^^.,9)] , (6-59) 

i=l r=l,2,3,5 

= — [^(E'-ag), r4] = [(-^5,4 — -E9,lo)U + (-^5,4 — -^9,10), T4] 

5 4 

= C5(^-C-6) + J]O(^5,i-^5+Mo)+X!C5+.(^5,5+.-£^r-,10), (6.60) 

i=l r=l 

TlQ = -[t(£'_a2), r4] = [(-E'10,4 - -£^9,5)1.4 + (-£^10,4 - -E'9,5), ^4] 

4 5 

= Cl0(i^ - C - 6) + ^ 0(^10,^ - ^5+»,5) + J] C5+r(^10,5+r " ^r.s), (6.61) 

1=1 r=l 

T9 = — [i(£'_o,2), = [(-E'10,4 — -E'9,5)|^ + (-E'10,4 — -E9,5), T5] 

5 

= C9(^-C-6)+ J] Ci(£^9,«-£^5+M) + I]C5+r(£^9,5+.-£^.,4), (6.62) 

i=l,2,3,5 r=l 



Ts - [i{E_^,),Tg] = [{Es,9 - ^4,3) U + (^8,9 - ^4,3), Tg] 

5 

= C8(^-C-6)+ J2 Ci{E8,i-E5+i,^)+J2C5+r{Es,5+r-Er,3), (6.63) 
1=1,2,4,5 r=l 

Tr = [l{E_^,),Ts] = [{Er,s - £^3,2) U + (^7,8 - ^3,2), Tg] 

5 

= Cr(D-c-6)+ J2 0(^7,.- ^5+^,2) + $^C5+r(^7,5+r- ^.,2), (6.64) 

1=1,3,4,5 r=l 

n = [i{E_a^),Tj]^[{Ee,7-E2,,)\A + {Ee,7-E2,i),Tr] 

5 5 

= UD-C-6) + Y^ C^{Ee,^ - £;5+m) + C5+r(£^6,5+. " £^r,l)- (6.65) 

i=2 r=l 

Then T = Yli=i ^"^i forms the 10-dimensional natural module of o(10, C) with the stan- 
dard basis {Ti, ...,Tio}. 
Denote 

Tl^Ti- Ci{D - c - 6) for i e YJO. (6.66) 

Easily see that T' = X]i^=i '^^/ forms the 10-dimensional natural module of o(10, C) 
with the standard basis {T^, ...,T{q}. So we have the o(10, C)-module isomorphism from 
U = X)I=i '^Ci to T' determined by d H> i;' for i e MO. The weight set of U is 

n(t/) = {±£i,...,±£5}. (6.67) 

Let A e A+. Denote 

T'(A) = {A + At I At e n(C/), A + AteA+}. (6.68) 
Take M = y(A). It is known that 

UV{X)^U^cV{X)^ V{X'). (6.69) 

a'gt'(a) 

Given A' e T'(A), we pick a singular vector 

10 

«=i 

of weight A' in UV{X), where Ui e V{X). Moreover, any singular vector of weight A' in 
UV{X) is a scalar multiple of u. Note that the vector 

10 

w = J2nM (6.71) 

i=l 



is also a singular vector of weight A' if it is not zero. Thus 

w = bx'U, by e C. (6.72) 

Set 

b(A) = min{bA' I A' e T'(A)}. (6.73) 

Theorem 6.4. The Q^'^ -module V{X) is irreducible if 

ce C\{b(A) -6 + N,24(A) + 2N}. (6.74) 

Proof. Recall that the ^^''-submodule U{Q^){V{X)) is irreducible by Proposition 5.2. 
It is enough to prove V^(A) = U{Q-){V{X)). It is obvious that 

F(A)^o) = yW = mO-){V{\)))^o) (6.75) 

(cf. (6.3) and (6.4) with M = V{X)). Moreover, Lemma 6.1 with M = V{X), (6.40) and 
(6.74) imply that fly^x) invertible, equivalently, 

m(i) = (t^(^-)(m))(i>- (6.76) 

Suppose that 

V{X)^)-{U{G-){V{X)))^} (6.77) 

for i e OTfc with l<keN. 

For any v G V"(A) and a G N^^ such that \a\ = k — 1, we have 

nix'^v) = x-[(|a| - c - 6)C. + T;](^;) G iU{g^){V{X))){k+i), r G iJO (6.78) 

by (6.77) with i^k-l,k. But 

V = Span{[(|a| - c - 6)Cr + T;]{v) \ r G MO, v G V{X)} (6.79) 

forms an o(10, C)-submodule of UV{X) with respect to the action in (6.1). Let u he a, 
o(10, C)-singular in (6.70). Then 

10 

V 3 ^[(|a| - c - 6)Cr + K]{ur) = {\a\ - c - 6)u + w = {\a\ - c - 6 + \>x')u (6.80) 

r=l 

by (6.71) and (6.72). Moreover, (6.73) and (6.74) yield u G V. Since UV{X) is an 
o(10, C)-module generated by all the singular vectors, we have V = UV{X). So 

x'^UViX) C {U{g.){V{X))){k+i}. (6.81) 



The arbitrariness of a implies 

Crn^)ik-i) C (C/(e;-)(y(A)))(fe+i) for r e MO. (6.82) 
Given any / e Ak and v & V{X), we have 

Crd,,{f)v e CrnA)(fe_i) C {U{g_){V{X)))^k+i) for r e MO, z e M6. (6.83) 
Moreover, 

r),{fv) = i{rj,){fv)^P,{fv) + f{Cu-c/2){xsv) 

10 

= f{k + oo-c/2){xsv) (mod 5^CrVXA)(fc_i)) (6.84) 

for s e T7T6 by (4.16)-(4.32), (5.17)-(5.32) and Lemma 6.1. According to (6.40), (6.74), 
(6.82) and (6.84), we get 

xjv e {U{g_){V{X)))^k+i) for s e M6. (6.85) 

Thus (6.77) holds for i = /c + 1. By induction on k, (6.77) holds for any i e N, that is, 
f(A) = C/(^_)(y(A)). □ 

When A = 0, V^(0) is the one-dimensional trivial module and — K^) — 0- So we 
have: 

Corollary 6.5. The G^'' -module V{Q) is irreducible z/c e C \ {N - 6}. 

Next we consider the case A = ksi — kXi for some positive integer k, where Ai is the 
first fundamental weight. Note 

T{kei) = {A4 + kei, A4 + (A; - l)£i + £5} (6.86) 

by (6.34) and (6.35). Thus (6.40) and (6.41) give 

Liksi) = -4 - k/2. (6.87) 

In order to calculate b{kei), we give a realization of V{kei). Observe that we have a 
representation of o(10, C) on i3 = C[yi, ...,yio] determined via 

Eijle^Vidy. fori,ieMO. (6.88) 

Denote by Bk the subspace of homogenous polynomials in B with degree k. Set 

5 

Hk^ihe B, I {J2 dyAnJih) = 0}. (6.89) 

i=l 



Then Hk V{kei) and is a highest- weight vector. 
According to (6.67) and (6.68), 

T'(kei) = {(k + l)£i, (k - l)ei, ksi + £2}. (6.90) 

The vector (ii/i is a singular vector in WHk with weight {k + l)si, where we take M — %}. 
in the earher settings. By (6.55) and (6.66), 

T[{y'l) = kC,y', ^ b^k+i)e, = k. (6.91) 

Moreover, Ciyi~^y2 — C2yi is a singular vector in UHk with weight ksi + 82- By (6.55), 
(6.57) and (6.66), we find 

T[{y\-'y2)-T!,{y\) = {^k - l)Ciy\-'y2 + C2yl - kC,y1-'y2 

= C2yi'-Ci2/r'2/2 = -(Ci2/r'2/2-C22/i'). (6.92) 

Thus bfe£j+£2 — Furthermore, 

5 5 

i=l s=l 

is a singular vector in UHk with weight {k — l)ei. Expressions (6.55) and (6.57)- (6.66) 
yield 

5 5 
{k + 3) Y^iTliyt'y.+i) + TUyl-'y^)] -ik- mix-yt' E ^^^^-f.) 

i=l s=l 
5 5 

= (A; + 3) Y^[(k - l)Ciyt^yiy5+i - J2 Cryt^V^+r - Yl C^+sVi'^Vs 

i=l r=l s^i 

5 

-{{k - l)5i,i + l)(ECrZ/t"'?/5+r + E^5+^^l"'^^) 

5 

+{k - i)(i - 5,,i)CiyrW^y^] -{k-i){k-2)Y, Cwi'^yiy^M 

1=1 

= (-8 - k)x'^w =^ \>(k-i)e, ^-8-k. (6.94) 

Therefore, b{kei) — —S — k. By Theorem 6.4 and (6.87), we obtain: 

Corollary 6.6. The Q^'^ -module V{k£i) is irreducible i/c e C \ {N - 14 - A;}. 

Now we want to consider the cases \ = ei + 62 = ^2 (the second fundamental weight) 
and A = ei + e2 + s^ = A3 (the third fundamental weight). Let £ be the associative algebra 
generated by {6*1, 6*10} with the defining relations: 



OiOj = -OjOi for i,j e 1,10. 



(6.95) 



Moreover, we define linear operators {9^^, de^^^} on S by 

de,{l) = 0, de^{9jw) = 5ijw - 9jde^{w) for i,j e MO, weS. (6.96) 
The representation of o(10, C) on E is defined via 

Eijls = Oidg. for I, J e MO. (6.97) 

Denote 

Sr = Span{^j^^j2 • • • I 1 < «i < «2 < • • • < V < 10}. (6.98) 
Then £2 forms an irreducible o(10, C)-submodule isomorphic V{\2) with a highest weight 
vector 6162 and £^3 forms an irreducible o(10, C)-submodule isomorphic V{\^) with a 
highest weight vector 9i920^. 
Note that (6.35) gives 

T(A2) = {A4 + A2, A4, A4 + £1 + £5}, (6.99) 

which yields (-uj{^2) = —8. Moreover, (6.67) and (6.68) imply 

T'(A2) = {£i + A2,A3,£i}. (6.100) 

We have an o(10, C)-singular vector Ci9i92 of weight £:i + A2 in U£2: where we take M — £2 
in the earlier settings. By (6.55) and (6.66), 

T[{9,92) = CiOi92 =^ K+x, = 1 (6.101) 

Furthermore,, 

5 5 

U^Y. + (6.102) 

i=2 r=l 

is an 0(10, C)-singular vector of weight £1 in U£2 and 

w = CM - C29i93 + Cs9i92 (6.103) 

is an 0(10, C)-singular vector of weight A3 in U£2. According to (6.55), (6.57), (6.58) and 
(6.66), we have 

T[{929^)-T^{9,9^)+T;,{9^92) 
= C2^i^3 - C3O192 - - W2 - CM + C29i9s = -2w. (6.104) 

So b^g = —2. Expressions (6.55) and (6.57)-(6.66) give rise to 

5 5 

5+r) 

i=2 r=l 

5 5 5 5 

— C5+i9l9i + ^ Cr^l^5+r] " ^[ ^ Cr^l^5+r + ^ Cs+r^l^r] 

1=2 r=2 1=2 i^r-el^ ^=2 

5 5 

-I]E^^^1^5+.+ 5^ C5+^^l^,] = -9«. (6.105) 

r=l i=l r^ie%E 



Hence b^^ = —9. Therefore, b(A2) = —9. Theorem 6.4 imphes: 

Corollary 6.7. The -module ^(^2) is irreducible ifceC\{N- 16}. 
Observe that (6.35) gives 

T(A3) = {A4 + A3, A4 + A2 + £5, A4 + £1, A4 + £5}, (6.106) 

which yields £^{^3} — —21/2. Moreover, 

4 

T'(A2) = {£i + A3,J]£,,A2}. (6.107) 

i=l 

Similarly we have \)\^+x3 — 1. Furthermore,, 

5 5 

U^Yl C5+i^l^2^i + (rOM+r (6.108) 
i=3 r=l 

is an 0(10, C)-singular vector of weight A2 in US^ and 

w = C1O203O4 - C2eM + C3O1O204 - CM03 (6.109) 

is an 0(10, C)-singular vector of weight Y^f^iSi in US^. According to (6.55), (6.57)-(6.59) 
and (6.66), 

— C2^1^3^4 — C3^1^2^4 + (,^010203 — Cl^2^3^4 " C3^1^2^4 + C4^1^2^^3 " 0^2^36*4 

+C2^1^3^4 + C4^1^2^3 - Cl^2^3^4 + C2^1^3^4 " C3^1^2^4 = -3w, (6.110) 



equivalently, b^4 = —3. Expressions (6.55) and (6.57)-(6.66) give rise to 

5 5 

5 



5 5 

i=3 r=l 

5 5 5 

= — y~^(C5+i^l^2^i + 0^1^26*5+1) — ^[ ^ Cr0102Ob+r + C5+r6'l6'26'r] 
i=3 i=3 i^reT^S ''=3 

5 5 

-EEC^^1^2^5+i+ E C5+^^l^2^^] = -8li. (6.111) 
'■=1 i=l r-7^i63;5 

So bA2 = -8. Therefore, b(A3) = -8. Theorem 6.4 yields: 

Corollary 6.8. The Q^^-module viXaj is irreducible ifc e C\{N-15, -17, -19, -21}. 
Let A; be a positive integer. We calculate by (6.35) that 

T(A;A4) = {{k + 1)A4, {k + - £4 + £5, {k - l)X4 + £1}, (6.112) 



which yields £uj{k\4) = k/2 — 6. The fifth fundamental weight of o(10,C) is A5 = 
(V2)Ei=i^i- Now (6.35) implies 

T(A;A5) = {kXr, + A4, + A4 - £3 - £4, {k - l)^}, (6.113) 

which implies ^(^'^5) — —k/2 — 

We define a representation of o(10, C) on C = 'C[zi, z^q] obtained from (2.49)-(2.71) 
with A replaced by C and Xi replaced by Zi for i e 1, 16. Then the o(10, C)-submodule 
Mk generated by z\ is isomorphic to V{k\4). Note that by (6.67) and (6.68), 

T'(A;A4) = {A;A4 + £i,A;A4 + £5}- (6.114) 

Note that Ci^i is an o(10, C)-singular vector of weight kX^ + £1 in UNu, where M — Mk 
in the earlier settings. By (2.71) with Xi replaced by Zi, (6.55) and (6.66), 

T[{z'i) = \C.Z', =^ hx^^e, = \. (6.115) 
By (2.49)-(2.53), (2.69) and (2.70) with Xi replaced by Zi, 

{E^,io - E,,M) = kzt'z2 eAfk^ zt'z2 e Afk, (6.116) 

{Es,, - E4,s){zt'z2) = zt'zs e Afk, (6.117) 
(^3,2 - E,,8){zt'z3) = zt'z, G A4, (6.118) 
(E2,i - Ee,7){zt'z4) = zt'z7 e A4. (6.119) 
According to (2.49)-(2.53) with Xi replaced by Zi and Table 1, we find that the vector 

U' = C^zl + C4zt^Z2 + Cszt^Zs - C2zt'z4 + Cl-^l^'-^T (6.120) 

is an 0(10, C)-singular vector of weight A;A4 + £5 in UN'k- Expressions (2.49)-(2.71) with 
Xi replaced by Zi, (6.55), (6.57)-(6.59) and (6.66), 

Tiizfzr) - nzt'z,) + nizt'zs) + Ti{zt'z2) + r^(^t) 

= {k/2 - l)Clzt'z7 + C2zt'z4 - Cszt'zs - Uz^'^ Z2 - C^z\ 

-Cizt'z^ - {k/2 - l)C2zl-'z, - C,z1-^z, - Uz\-^Z2 - Cs^i' 

-Cl^l'-'^7 + C2^1-'^4 + {k/2 - l)C3^l'-'^3 - Uz\-\2 - i^z\ 
-Cizl-'ZJ + C2Z1-'Z4 - C3^l'-'^3 + {k/2 - l)Uzt'z2 - Cs^l' 

-kCiz\-^Z7 + kC2z\~^Zi - kCzzl'^Zi - kCAzl~^Z2 - {k/2)C,^zl 
= -{k/2 + A)u\ (6.121) 



equivalently, bkx^+e^ — — (A;/2 + 4). Thus \){k\4) = — (/c/2 + 4). Symmetrically, ^{kX^) ~ 
— (/c/2 + 4). By Theorem 6.4, we have: 

Corollary 6.9. The -module VXkXl) is irreducible if c e C\{N - 10 - k/2,2N + 
k - 12}. The G^'' -module V{k)^) is irreducible if ceC\{N- 10- k/2, 2N - k - 20}. 
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